Minimisation of the Dirichlet Energy amongst a
class of constrained maps

Elliott Farrall

University of Surrey

December 2024



@ Motivation via Elasticity

© Polyconvexity and the Direct Method

© Fourier Series and Sufficient Conditions

@ PDI's and Necessary Conditions

© Deriving Solvable Constrained Optimisation Problems

© Conclusions and Outlook

«O>» «Fr «=)>» «

>

it
S
0
i)



Elasticity and Energy Functionals

Consider a 2D ball shaped material, deformations of which can be
thought of as maps v : B — R2.



Elasticity and Energy Functionals

Consider a 2D ball shaped material, deformations of which can be
thought of as maps v : B — R2.

The total elastic energy of a deformation v is given by

I(v)_/BW(Vv)dx

where W is the stored-energy function of the material.



Elasticity and Energy Functionals

Consider a 2D ball shaped material, deformations of which can be
thought of as maps v : B — R2.

The total elastic energy of a deformation v is given by

I(v) _/ W(Vv)dx
B
where W is the stored-energy function of the material.
A common form for W is
W(M) = |[M]* + h(det M) M e R>*?

where h: R™ — R satisfies certain properties that prevents the
interpenetration of matter (det Vv < 0).
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Simplifcation via Constraint

If we restrict to maps with prescribed Jacobians
detVv=1Ff a.e.

then we have
I(v) = /B IVv[? + h(f(x))dx = D(v) + C

Hence we can just take the total energy functional to be the
Dirichlet energy D.

The case of f = 1 is of particular interest as it corresponds to
incompressible deformations (i.e: mass conserving).
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Harmonic Maps and Mass Conservation

It is a standard result that minimisers of the Dirichlet energy in H*
are harmonic maps.

However, in general, deformations given by harmonic maps are not
incompressible so do not satisfy

detVu=1 a.e.

In fact we have:

Incompressible Harmonic Maps

Let u € H*(B;R?) be harmonic. If det Vu = 1 then u is affine.

Hence, non-affine maps do not minimise the Dirichlet energy
amongst incompressible maps.



For a given u € H', we wish to minimise ) amongst

A, = {v € HY(B;R?) : det Vv = det Vu

ae. }
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Excess Functionals
For a given u € H', we wish to minimise ) amongst
Ay, ={v e HYB;R?): detVv =detVu ae. }

Motivated by the work of J.Bevan, we define the excess
functional for a given pressure function p € BMO(B) as

Ep(cp) = /B ‘V(p’2 + pdet Vo dx (NS H&(B;R2)

Decomposition via Excess

Take p € BMO(B) such that u solves the Euler-Lagrange equation
for Ep. Then

D(v) =D(u) + Ep(v — u) Vv e A,




excess functional Ep.

Fixing a desired minimiser u, fixes the pressure p and hence the
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Excess Functionals

Fixing a desired minimiser u, fixes the pressure p and hence the
excess functional Ep.

We immediately see that non-negativity of the excess E, (on Hg)
is sufficent for u to minimise D amongst A,,.

However it is only necessary for [E; to be non-negative on A, — u.

Since E; is degree two homogeneous, non-negativity is equivalent
to 0 being a minimiser.

The case of small pressure is trivial:

Small Pressure
If p € L satisfies ||p — p||,, < 2 then E, > 0.
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We immediately observe that the integrand of E, is polyconvex.
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Polyconvexity

We immediately observe that the integrand of E, is polyconvex.

Convexity

Consider a function W : R?*2 — R. We say W is convex if
WM + (1 = A)N) < AW(M) + (1 = N)W(N) A €[0,1]
for all M, N € R?*2. We say W is polyconvex if
W(M) = w(M, det M)

with w convex on R?%? x R. We say W is quasiconvex if
][ W(M +Vp)dx > W(M) Ve e Wy™(B;R?)
B

for all M € R2%2,




The direct method is the classical method for establishing
existence of minimisers.
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The Direct Method

The direct method is the classical method for establishing
existence of minimisers.

There are many variants of the direct method, including versions
designed for polyconvex integrands, e.g:
Direct Method

Let A be non-empty and / : A — R be given an integral functional
with integrand W depending only on the gradient. If

e W is polyconvex and

o WV satisfies the coercivity condition:
W(M) > o (|/w|2 + |det M|%) oYM eR>?

for some ¢g > 0 and ¢; € R, then / has a minimiser in A.




The problem with this method is the coercivity requirement.
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The Problem

The problem with this method is the coercivity requirement.

More genererally, the direct method requires the functional to be
bounded from below.

For an excess functional with /arge pressure, this is non-trivial.

This motivates the exploration of novel techniques to establish
bounds for functionals of a polyconvex integrand, in particular Ep.
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One of the main techniques implemented is decomposing
quantities using Fourier modes.
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Fourier Series

One of the main techniques implemented is decomposing
quantities using Fourier modes.

Fourier Series

Let u € L?(B;R?). Then u has a Fourier series representation

U—ZU Ye(jO)

Jj=0

with mode matrices given by

27
U(ry=(2- 5j)]£ u® e (jo)do

Note that det Uy = 0 since the second column of Uy vanishes.



Assuming radially symmetric p, we decompose E; as

Ep(p) = 7"2

1 2
/0 (L+9)r |d>j-|2 + JT |<l>j|2 — jp'(r) det®; dr
j=0

«O>» «Fr «E»r «



Sufficient Conditions

Assuming radially symmetric p, we decompose E, as
1 2
2 J .
Ep((p)_T(Z/ (1+5j)r’¢ﬂ +7|¢j|2—1p/(r)det¢jdr
j>070

Applying a weighted Poincaré inequality and Hadamard's inequality
pointwise, we get a sharp estimate:

1 2 ) r
Boe) 273 [ (@ opirs L - L2 joy ar
Jj=0

where jy is the first postive zero of the Bessel function Jg.



Sufficient Conditions

Assuming radially symmetric p, we decompose E, as
1 2
2 J .
]Ep(gp):wZ/ (1—|—5j)r’¢ﬂ +7|¢j|2—1p’(r)det¢jdr
j>070

Applying a weighted Poincaré inequality and Hadamard's inequality
pointwise, we get a sharp estimate:

1 2 ilo'(r
B) >y | <(1 apigr+ L 1P ”) ;7 dr

j>0

where jy is the first postive zero of the Bessel function Jg.
Sufficient Condition

PrdL 2 p =
p'(r)] < { A
4jo r> -

E, > 0

S S|~

™ = = =



pressure functions py(r) = Ar.

As an example, we can consider the one parameter family of
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Example - Radially Affine Pressure

As an example, we can consider the one parameter family of
pressure functions py(r) = Ar.

For non-negativity of E,, we have that
|A] < 4jp =~ 9.619

is sufficient.



Example - Radially Affine Pressure

As an example, we can consider the one parameter family of
pressure functions py(r) = Ar.

For non-negativity of E,, we have that
|A] < 4jp =~ 9.619

is sufficient.

This is an improvement on the result using pointwise estimates:

Al <3
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We have explored sufficient conditions on p for E, > 0.
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Necessary Conditions for Non-Negative Excess

We have explored sufficient conditions on p for E, > 0.

For a necessary condition, consider ¢ € H(B;R?) such that
Vi € 0(2) almost everywhere. Then

Ep(cp):2|B]+/ pdx—/ pdx
B+ B-

where BT = {x € B : det Vio(x) = +1}. Note that these form a
uniform partition of B.

Necessary Condition

E, >0 = <4

][+pdx—][ p dx
B _

The other side of the inequality is gained by substituting
©(x) — @(I~x) where |~ is a reflection matrix.




To make this condition concrete, we need to construct a solution
to the PDI

Ve € 0(2)

a.e.
¢log =0
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vlog =0
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then using a (partial) covering of B with rescaled copies of Q.



Construction of Solutions

To make this condition concrete, we need to construct a solution

to the PDI
Ve e0(2) ae.

vlog =0

We do this by solving the PDI on the square Q = [~2,4+2]? and
then using a (partial) covering of B with rescaled copies of Q.

If we use a partial covering we have to alter the necessary
condition accordingly.



Construction of Solutions

A




We now revisit the family of pressure functions px(r) = Ar
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Example - Radially Affine Pressure

We now revisit the family of pressure functions py(r) = Ar.

For non-negativity of E,, we have that
|A| < 148.446

is necessary (using two square partial tiling).

There is plenty of room to improve the necessary condition by
trying different tilings.
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Existence of Constrained Optimisation Problems

We have already shown that we can derive an excess functional
from a constrained optimisation problem.
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Existence of Constrained Optimisation Problems

We have already shown that we can derive an excess functional
from a constrained optimisation problem.

If fact, we can also derive a constrained optimisation problem from
an excess functional.

Existence of Candidate Minimiser

Let p: B — R be radially symmetric and sufficiently regular.
Then, dependent on the choice of boundary condition, there exists
a unique u € H'(B;R?) such that u satisfies the Euler-Lagrange
equation for [E,.

Here, any pressure function of the form
p(r) = p«log r + a(r) ae C¥(0,1];R)

is sufficiently regular.
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Boundary Condition and Conformality

The derived candidate minimiser u has mode matrix U; taking the
form

Ui(r) = ai(NU ()™ + (N U (1))
If Uj(1) € CO_(2) then a; must satisfy

)
rzo/'—i-ra + < rpl_j2> aj =0 aj(0)=0 (1) =1
)

If Uj(1) € COL(2) then §; must satisfy
2o s (447 5=0 50=0 51)=1

The value of p, plays a significant role in existence.



Consider the pressure function py(r) = Ar.
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Example - Radially Affine Pressure

Consider the pressure function py(r) = Ar.

Solving the ODEs for o and §; we find that

_ J2j(\/2j>\r)
J2j(V24A)
_ hj(v2jAr)
Bi(r) = 7=y
I2j( 2./)‘)
If X is picked such that Jj(1/2jA) = 0 then we must pick
U;j(1) € CO_(2).

If X is picked such that hj(1/2j\) = 0 then we must pick
Ui(1) € CO.(2).

a(r)
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Summary

To summarise, we have shown that is it possible to construct maps
u such that we can minimise D amongst a class of Jacobian
constrained maps A,.



