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Inspiration & YouTube Stardom

A hydrostatic model of the
Wirtz pump

Jonathan H. B. Deane and Jonathan J. Bevan

Figure: Wirtz pump in J.D's garden Figure: Diagram taken from paper



The goal of a pump is to create pressure in a fluid to move it from
one place to another.
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What are we optimising?

The goal of a pump is to create pressure in a fluid to move it from
one place to another.

In a Wirtz pump, the pressure is created by the rotation of a spiral
of tube that contains the fluid.

The amount of pressure created depends on the shape of the spiral.

What is the optimal shape of the spiral to create the most
pressure?
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Review - Finite Dimensions

We are all used to finite dimensional spaces.

v

A function f : D — R can be optimised (locally) by finding zeros
of the derivative.

Global optimisation is done by comparing local optima along with
boundary values.
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Infinite Dimensional Spaces

Any space that is not finite dimensional is an infinite dimensional
space.

Typical examples are spaces of sequences or functions, such as:

@ The space cgp of all sequences that are eventually zero.

The space C(R) of all continuous functions.

The space C}(R) of all continuously differentiable functions.
The space C*°(R) of all smooth functions.

The space C¥(R) of all analytic functions.

The space Lip(R) of all Lipschitz continuous functions.
@ Many, many more, ...

All these spaces come with a metric, i.e: we can measure distance
between any two elements of them.
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Weak Differentiability

The weak derivative v of a function u is defined through IBP
against test functions ¢ € C°(D)

/Dud>’dx:—/Dv¢dx

This gives a more general notion of differentiability than the
classical one.

Specifically, it allows peaks and cusps.

Note that this definition only requires u to be defined almost
everywhere.
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D
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Regularity

The regularity of a function is a measure of it's integrability.

A function u is said to be in LP(D) if

/ lulP dx <
D

If u has weak derivatives, we can check their regularity aswell.
This gives us a zoo of function spaces called Sobolev spaces.

For example, H! = W12 the space of functions with u, v’ € L2.
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A functional is any map that acts on a space of functions and
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Functionals

A functional is any map that acts on a space of functions and
returns a (possibly infinite) real number.

Typical examples could involve integrals:

1
Flu] = / u'(x)3 dx u € Lip([0,1])
0
or maximum/minimum:

Flu] = xg][?),)i] v (x) u e C([0,1])

or evaluation
Flu] = u(0) + u(1) u e C([0,1])

or a combination of these.
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Calculus of Variations

The primary goal of the calculus of variations is to study and
understand the optimisation of functionals over spaces of functions.

This is a much more complicated task than the optimisation of
functions over finite dimensional spaces.

However, it has numerous applications in various physical sciences,
aswell as being a beautiful area of mathematics in its own right.
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A classical problem in mechanics is that of a particle under the
influence of gravity.
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Kinematics

A classical problem in mechanics is that of a particle under the
influence of gravity.

Instead of considering forces, the solution can be found by
minimising the "action’ functional:

Tm . o
Slr] = E‘r(t)! — mg - r(t)dt
0
This is known as the principle of least action.
It can be shown that the minimising path r(t) satisfies

r'(t) = -8

If we specify some initial conditions, we can solve this equation to
find the path of the particle.
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Brachistochrone

Consider a planar wire with shape desribed by a curve y(x) for
x € [a, b].

The goal is to run a bead along the wire so that it reaches the end
in the shortest time possible.

The time taken for the bead to reach the end is given by the

functional
Tly :/ —— 7 dx
i 2\ 2ey(x)

Again, the minimising curve can found by solving a differential
equation:
(14 ¥ (x)2) y(x) = K2

where k is a constant that is determined by the start/end point.
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Elasticity

Consider a flexible material, descirbed by a domain D C R2.

A deformation of this material, can be thought of as a map
u:D — R2

In reality, the entire material can be deformed by only deforming
the boundary.

How does nature know what shape the material should deform to
from just the boundary deformation?

It minimises the Dirichlet energy functional:

Elu] = /D % |Vu(x)[* dx
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My Research

In general, the minimiser of the Dirichlet energy functional is a
harmonic map.

However, most harmonic maps give rise to non-mass conserving
deformations (i.e: not physical).

det Vu # 1

If we restrict our search to a space of only mass-conserving
deformations, can we find a minimiser?

This is an optimisation problem with a non-linear pointwise
constraint (very challenging).

The augmented functional for such a problem is not even convex.
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Closing Remarks

The calculus of variations is a rich and beautiful area of
mathematics that has numerous applications in the physical
sciences.

It is a very active area of research, with many publications and
open problems.

If you are interested in learning more, we offer an MMATH module
on the subject.

You can achieve internet fame by solving maths problems.



