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Scientic abstract

In this thesis, we will study a family of functionals, referred to as excess functionals, introduced by J

Bevan, M Kružìk and J Valdman [10] to derive so-called mean Hadamard inequalities, a functional

generalisation of the classical (pointwise) Hadamard inequality. In turn, these inequalities may be

used to construct examples of Jacobian constrained variational problems and minimisation problems

for functionals of a polyconvex integrand, that have explicit solutions. This is of particular relevance

in the eld of elasticity [7], where these functionals describe the stored energy associated with the

deformation of a material and Jacobian constraints are a form of incompressibility condition.

The focus of the thesis will be primarily on developing explicit and constructive methods for deriving

examples and counter-examples of mean Hadamard inequalities. We will also describe how to use

these mean Hadamard inequalities to form Jacobian constrained classes in which the Dirichlet

energy has a global minimiser. In the cases where we can not show the existence of a minimiser,

we will show that the techniques used to bound the excess functional can also be used to bound the

Dirichlet energy on the constrained class. The results will mainly be for the case of a ball shaped

domain in two dimensions but can be generalised using conformal mappings.

Keywords: Calculus of Variations, constrained variational problems, elasticity, polyconvexity, mean

Hadamard inequality, partial dierential inclusions.
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1
Introduction

We start by reviewing Hadamard’s pointwise inequality and generalising it to a functional inequality.

This will motivate the denition of the excess functional, which will be the primary focus of this

thesis. We will then further motivate the study of this functional as a tool for investigating certain

forms of constrained minimisation problems in the Calculus of Variations and, in particular, non-

linear elasticity. We will also review the various notions of convexity and the role they play in

establishing the existence of minimisers in variational problems. The excess functional will serve as

an example of a functional that is not covered by existing results that use the Direct Method, for

example, but for which we can show the existence of minimisers through other methods.

1.1. Mean Hadamard Inequalities

Hadamard’s inequality [23,37] is a two-sided inequality that bounds the determinant of a matrix in

terms of its Frobenius norm,

|detM| ď 1

2
|M|2 @M P R2ˆ2. (1.1)

This inequality is sharp, with equality attained on one side by taking M P CO`p2q, the space of

conformal matrices, and on the other by taking M P CO´p2q, the space of anti-conformal matrices,

given by

CO˘p2q :“ ␣
X P R2ˆ2 : cof X “ ˘X

(
.

Inequality (1.1 generalises to n dimensions, with the constant 1
2 on the right-hand side being

replaced with n´
n
2 but we will stick to n “ 2 dimensions. This inequality can be shown to be a

consequence of the arithmetic-geometric mean inequality applied to the squares of the singular

values [30, 39].

If we replace the constant matrix M with the gradient of a map ϕ P H1pB;R2q and integrate over

1
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the unit ball B Ă R2, this inequality can be written as
ˆ

B

1

2
|∇ϕpxq|2 ˘ det∇ϕpxq dx ě 0 @ϕ P H1pB;R2q.

We could of course pick a dierent domain in R2, but we will focus mainly on the case of a ball

for simplicity. A natural question would then be whether the coecient of det∇ϕ is still optimal

in this new, mean inequality. More precisely, we ask for which functions p : B Ñ R do we have

Eppϕq :“
ˆ

B

1

2
|∇ϕpxq|2 ` ppxq det∇ϕpxq dx ě 0 @ϕ P H1

0pB;R2q. (1.2)

We shall refer to the functional Ep as the excess functional and the parameter function p as

the pressure function, for reasons that will soon become clear. The justication of the vanishing

Dirichlet boundary condition shall also be deferred for now. We will refer to an inequality of the

form (1.2) as a mean Hadamard inequality. Using (1.1), we immediately nd a class of pressure

functions for which (1.2) holds.

Corollary 1.1. Let p P L8pBq satisfy ∥p´ p̄∥8 ď 1. Then Ep ě 0.

Proof. We shall exploit the fact that ϕ ÞÑ det∇ϕ is a null-Lagrangian [21] and write

Eppϕq “
ˆ

B

1

2
|∇ϕpxq|2 ` pppxq ´ p̄q det∇ϕpxq dx ` p̄

ˆ

B

det∇ϕpxq dx

“
ˆ

B

1

2
|∇ϕpxq|2 ` pppxq ´ p̄q det∇ϕpxq dx.

If ∥p´ p̄∥8 ď 1, then the integrand is non-negative for almost every x P B by (1.1). Hence

Ep ě 0.

Due to a duality result [29, 38] that will be discussed later, we note that Eppϕq is nite for every

ϕ P H1
0pB;R2q if p P BMOpBq. Going forward, we will assume that p has at leat BMO regularity

but, in some cases, we will assume additional regularity.

The case of a piecewise constant pressure on a square domain has been discussed in great depth

in the literature [10]. There it is shown that there exist pressure functions p : r´1,`1s2 Ñ R with

∥p´ p̄∥8 ď ?
2,

such that Ep ě 0. This result can not be obtained by just applying Hadamard’s inequality pointwise

as we did in the case of Corollary 1.1 since 1 ă ?
2. Furthermore, this shows that there exist

non-trivial mean Hadamard inequalities which can be proven using methods that go beyond the

application of Hadamard’s pointwise inequality. There are also necessary condition results for

piecewise constant pressure [10] and we will make use of the techniques used to prove these results

for other families of pressure functions.
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There has also been some discussion [9] of the case of a radially symmetric, logarithmic pressure

function

ppxq “ p˚ log p|x |q c ą 0.

This is an example of a lower regularity pressure function that fails to be bounded but is still in

BMO. Trivially, these pressure functions do not satisfy the pre-requisite condition for Corollary 1.1.

However, we will show that these pressure functions do give rise to a mean Hadamard inequality,

provided the coecient p˚ is picked suciently small (see sections 2.4.2. and 3.3.2.).

Proposition 1.2. If |p˚| ď 1, then Ep ě 0.

1.2. Constrained Variational Problems and Excess Functionals

It turns out that the functional Ep arises naturally when considering a certain form of constrained

variational problem. More specically, we consider the problem of minimising the Dirichlet energy

Dpv q “
ˆ

B

1

2
|∇v pxq|2 dx v P H1pB;R2q

subject to a Jacobian constraint

det∇v pxq “ hpxq a.e. x P B, (1.3)

and Dirichlet boundary condition

v pxq “ gpxq @x P BB.

The notion of minimising energy while controlling the Jacobian is a common occurrence in elasticity

[7]. Here v would represent the deformation of a disc-shaped material relative to a coordinate

system. Taking h ” 1, the condition (1.3) would then become an incompressibility constraint.

We will reformulate the variational problem by introducing a map u P H1pB;R2q such that

det∇upxq “ hpxq a.e. x P B,

upxq “ gpxq @x P BB.

There has been some discussion [19] of the existence of such a u for the case of g “ id. We will

not concern ourselves with the existence of u but, instead, let u be the dening parameter for this

class of constrained variational problems, instead of pg, hq. We then dene the space of admissible

maps Au by

Au :“ ␣
v P H1

upB;R2q : det∇v pxq “ det∇upxq a.e. x P B
(
,
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and so the constrained variational problem is simply

min
vPAu

Dpv q.

We note that the class Au is non-empty as it contains u, and is in fact an equivalence class in

H1pB;R2q with representative u for the equivalence relation

u „ v ðñ
$
&
%
det∇upxq “ det∇v pxq a.e. x P B,

upxq “ v pxq @x P BB.

As an immediate corollary, we observe that Au “ Av for all v P Au. The non-triviality of Au (as

in |Au| ą 1) has been shown for some examples of u [9] and we will not be exploring this for more

general classes of u. To see how the excess functional and pressure functions t in to this picture,

observe the following result.

Theorem 1.3. Let p : B Ñ R be such that u solves the weak Euler-Lagrange equation for Ep.

Then

Dpv q “ Dpuq ` Eppv ´ uq @v P Au.

Proof. The weak Euler-Lagrange equation [21] for Ep is given by
ˆ

B

p∇u ` p cofp∇uqq ¨∇ϕ dx “ 0 @ϕ P T , (1.4)

where T is a space of test functions. Now suppose that v P Au and let ϕ “ v ´ u. We observe

that

Dpv q “ Dpu ` ϕq “ Dpuq `
ˆ

B

∇u ¨∇ϕ dx ` Dpϕq

“ Dpuq ´
ˆ

B

p cof∇u ¨∇ϕ dx ` Dpϕq

using (1.4) and approximating ϕ by smooth functions where necessary. Next, we use the constraint

to calculate

0 “ detp∇u `∇ϕq ´ detp∇uq “ det∇ϕ` cofp∇uq ¨∇ϕ ñ det∇ϕ “ ´ cofp∇uq ¨∇ϕ.

Hence, we nd that

Dpv q “ Dpuq `
ˆ

B

p det∇ϕ dx ` Dpϕq “ Dpuq ` Eppϕq.

As an immediate corollary, we obtain a sucient condition for u to minimise D in Au.
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Corollary 1.4. Let p : B Ñ R be such that u solves the weak Euler-Lagrange equation for Ep ě 0.

Then

Dpuq “ min
vPAu

Dpv q.
In other words, u is a global minimiser of D in Au.

Proof. If Ep ě 0, then

Dpv q “ Dpuq ` Eppv ´ uq ě Dpuq @v P Au.

Assuming a suciently regular pressure function, say p P W 1,1pB;R2q, we can write down a strong

form of the Euler-Lagrange equation for Ep, given by

∆u ` cofp∇uq∇p “ 0 u P H1pB;R2q. (1.5)

This is a second order, linear, elliptic, coupled system of PDEs in u. We will not explore the general

theory for PDEs taking this form but will explore methods for decoupling and constructing explicit

solutions for u, under some assumptions on p.

Proposition 1.5. Let p : B Ñ R be radially symmetric and satisfy

pprq “ p˚log prq `
ÿ

kě0

pk r
k , @r P p0, 1s.

Then, dependent on the choice of boundary conditions, there exists a solution u to the Euler-

Lagrange equation (1.5).

For details of the requirements for the boundary conditions, see Proposition 2.12.

Before moving on, we will briey discuss the non-triviality of the Jacobian constraint (1.3). A naive

approach to nding a solution to the variational problem would be to simply minimise the Dirichlet

energy subject to the boundary condition, but ignoring the Jacobian constraint, and hope that the

obtained minimiser happens to satisfy the constraint. In general, this will not hold, and we will

prove this for the case of det∇u “ 1. Recall that minimisers of the Dirichlet energy, in the absence

of any constraint, are harmonic maps [21].

Proposition 1.6. Let u P H1pB;R2q be harmonic and satisfy

det∇upxq “ 1 a.e. x P B.

Then

upxq “ Mx ` c,

for constant M P SLp2q and c P R2.
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Proof. We start by identifying R2 with C and map u into the complex plane,

upxq “ pu1px1, x2q, u2px1, x2qqT ÞÑ upzq “ u1px1, x2q ` u2px1, x2qi z “ x1 ` x2i .

Then we can can write

u “ f ` ḡ,

for holomorphic functions f , g [24, 1. Introduction]. More explicitly, we have

f “ u1 ` û1

2
` u2 ` û2

2
i , g “ u1 ´ û1

2
´ u2 ´ û2

2
i ,

with the hat denoting harmonic conjugate [13], that is, uj ` ûj i satisfy the Cauchy-Riemann equa-

tions [13]. Then we calculate

1 “ det∇u “ |uz |2 ´ |uz̄ |2 “ f 1
2 ´ g1

2 .

Hence we have that f 1
2 “ 1` g1

2 .

We shall now denote F “ pf 1q2 and G “ pg1q2, which are both holomorphic, and satisfy

|F | “ |G| ` 1. (1.6)

We can also think of F and G as mappings of R2, which allows us to calculate, using the fact F

and G are holomorphic, F 1 “ |∇ |F || “ |∇ |G|| “ G1 ,

and so F 1 “ λG1 for some λ P S1. Furthermore, we must have λ constant. To show this we

consider several possible cases.

• First, we suppose there exists a disk in B for which G1 ‰ 0. On this disk, we have that

λ “ cos pθpx, y qq ` isin pθpx, y qq “ F 1

G1 ,

is holomorphic. Hence, λ satises the Cauchy-Riemann equations, which we can write as
˜
´sin pθq ´cos pθq
`cos pθq ´sin pθq

¸
∇θ “ 0.

Since the coecient matrix is a rotation matrix, we observe that ∇θ “ 0 so θ, and hence λ,

is constant. Thus we have that F “ λG`µ for a constant µ ‰ 0, as |F | ‰ |G|. Substituting
this back in to 1.6, we nd that

|F | “

F ´ µ

λ

 ` 1 ñ 1` |F ´ µ| “ |F | .
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Figure 1.1: Plot of the locus (1.7) for µ “ ´2,´1, 1, 2 from left to right and top to bottom.

However, the locus of

z ÞÑ 1` |z ´ µ| “ |z | , (1.7)

is, at most, one-dimensional. In particular, it is one-dimensional for |µ| ě 1 and empty

otherwise (see Figure 1.1). This means that we have an open map F with a closed image,

so it must be constant, by the open mapping theorem. Similarly, we must have that G is

constant.

• If there exists a disk in B for which F 1 ‰ 0, we can proceed as we did before but with λ P S1

replaced by λ´1 P S1.

• If both F 1 and G1 vanish almost everywhere in B, then F and G are constant almost every-

where in B. By continuity they are both constant on B.

Hence f , g are both ane and so u is ane. Since det∇u “ 1, we must have that

upxq “ Mx ` c,

for M P SLp2q and c P R2 both constant.

Thus, any map u that is not of the form

upxq “ Mx ` c M P SLp2q c P R2,
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and minimises the Dirichlet energy in H1pB;R2q subject to Dirichlet boundary conditions will not

satisfy the constraint det∇u “ 1.

1.3. Convexity and the Direct Method

Establishing lower bounds for the functional Ep is also an interesting problem in the Calculus of

Variations due to the lack of convexity in the integrand. To understand this signicance, we must

rst review the notion of convexity [17] and its role in the Direct Method.

Denition 1.7. A function f : R2ˆ2 Ñ R is:

• convex, if it satises

f pλX ` p1´ λqY q ď λf pXq ` p1´ λqf pY q @λ P r0, 1s,

for each X, Y P R2ˆ2.

• polyconvex, if f pXq “ gpX, detXq for some convex function g : R2ˆ2 ˆ R Ñ R.

• quasiconvex, if it satises

f pXq ď
 

B

f pX `∇ϕpxqq dx @ϕ P W 1,8
0 pB;R2q.

• rank-one convex, if it satises

f pλX ` p1´ λqY q ď λf pXq ` p1´ λqf pY q @λ P r0, 1s,

for each X, Y P R2ˆ2 such that rk pX ´ Y q “ 1.

These denitions obey the following sequence of implications [17]

f convex ñ f polyconvex ñ f quasiconvex ñ f rank-one convex.

We note that the integrand of Ep is convex i |p| ď 1 but is only polyconvex otherwise. Since

Epp0q “ 0 and Ep is homogeneous of degree two, the bound Ep ě 0 is equivalent to the existence

of a global minimiser for Ep. In particular, 0 would be the global minimum.

Proposition 1.8. Let p P BMOpBq. Then

Ep ě 0 ðñ Ep has a global minimum.

Proof. We rst assume that Ep ě 0. Then since Epp0q “ 0, ϕ “ 0 P H1
0pB;R2q is a global

minimiser of Ep and 0 is the global minimum.



1.3. Convexity and the Direct Method 9

Now assume that Ep has a global minimum, so it is in particular bounded below. Then, for a

contradiction, suppose there exists ϕ P H1
0pB;R2q such that

κ :“ Eppϕq ă 0.

Then, for any m ă 0, there exists ϕm P H1
0pB;R2q, given by

ϕm “
c

m

κ
ϕ,

such that Eppϕmq “ m. Hence Ep is unbounded below and we have a contradiction. It then follows

that Ep ě 0.

The notion of convexity often plays a pivotal role in proving the existence of minimisers. In

particular, convexity is often used in results that make use of the Direct Method [17,34] to establish

the existence of a minimiser. To demonstrate this, consider a more general functional, taking the

form

If pϕq “
ˆ

B

f px,∇ϕpxqq dx ϕ P H1
0pB;R2q,

where f : R2ˆ2 Ñ R is a Carathéodory integrand [34].

Theorem 1.9. [34, Chapter 2] Let f px, ¨q be convex for almost every x P B and satisfy the

coercivity condition

f px, Xq ě µ |X|2 ´ C a.e. x P B, @X P R2ˆ2,

for constants µ, C ą 0. Then there exists a minimiser for If in H1
0pB;R2q.

Theorem 1.10. [34, Chapter 5] Let f px, ¨q be quasiconvex for almost every x P B and satisfy the

growth condition

´µ |X|2 ď f px,Xq ď µ
´
|X|2 ` 1

¯
a.e. x P B, @X P R2ˆ2,

for constant µ ą 0. Then there exists a minimiser for If in H1
0pB;R2q.

We observe that by weakening the convexity requirement from convexity to quasiconvexity, we

require a stronger coercivity/growth condition that may fail to hold. Developing an analogue of

these results for polyconvex integrands is an ongoing topic of research in the eld of elasticity [7, p.

5-8].





2
Dierentiable Pressure Functions

We have already seen that, when p is bounded, we can derive sucient conditions for Ep ě 0 in

terms of ∥p´ p̄∥8. The goal of this chapter will be to construct sucient conditions that use

derivatives of p in the case that p is dierentiable in some sense. We will achieve this through a

variety of techniques, some of which will require the assumption of radial symmetry in the pressure

function.

2.1. Fourier Series

Consider a map ϕ P L2pB;R2q written in polar coordinates pr, θq. Since ϕ is 2π-periodic in θ, we

may decompose it as a Fourier series [15] with coecients depending on r .

ϕ “ 1

2
Φ0pr qe1 `

ÿ

ją0

Φjpr qer pjθq, (2.1)

where er p¨q is the radial unit vector, e1 “ er p0q is the unit vector pointing in the positive x direction

and Φj : r0, 1s Ñ R2ˆ2 are the Fourier coecient matrices. We will stick to the convention of

capitalisation for the mode matrices. Grouping Fourier coecients together in matrices is somewhat

non-standard, but will make many of the calculations performed later much simpler and will allow

us to write some results in terms of matrix properties like conformality. The mode matrices can be

calculated for a given map using

Φjpr q “ 1

π

ˆ 2π

0

ϕb er pjθq dθ,

where the product on the right hand side is the standard tensor product which, in this case, coincides

with the Kronecker [28] or outer product [31]. We immediately observe that

Φ0pr qe2 “ 0, (2.2)

11



12 2.1. Fourier Series

that is, Φ0 has only zero entries in its right-most column. Here e2 denotes the unit vector pointing

in the positive y direction. One of the reasons the Fourier decomposition is so useful is the

orthogonality [20, p. 3] of the basis functions.

Lemma 2.1. Let i , j P N0. Then

ˆ 2π

0

er piθq b er pjθq dθ “ πδi ,j I ` πδiδj I
´,

where I´ :“ diagp1,´1q.

Proof. We start by using product-to-sum formulae [1] for the products of the trigonometric func-

tions.

er piθq b er pjθq “
˜
cos piθq cos pjθq cos piθq sin pjθq
sin piθq cos pjθq sin piθq sin pjθq

¸

“ 1

2

˜
cos ppi ´ jqθq ´sin ppi ´ jqθq
sin ppi ´ jqθq cos ppi ´ jqθq

¸
` 1

2

˜
cos ppi ` jqθq sin ppi ` jqθq
sin ppi ` jqθq ´cos ppi ` jqθq

¸

“ 1

2
Rppi ´ jqθqI` ` 1

2
Rppi ` jqθqI´,

where I˘ “ diagp1,˘1q and Rpθq denotes the matrix representation of a counter-clockwise rotation

of θ radians about the origin [6]. Now, using the fact that

ˆ 2π

0

cos pkθq dθ “ 2πδk ,

ˆ 2π

0

sin pkθq dθ “ 0,

for k P Z, we have
ˆ 2π

0

Rpkθq dθ “ 2πδk I, k P Z.

Hence,
ˆ 2π

0

er piθq b er pjθq dθ “ πδi´j I
` ` πδi`j I

´ “ πδi ,j I ` πδiδj I
´.

We immediately get a corollary for inner products of the basis functions.

Corollary 2.2. Let i , j P N0. Then

ˆ 2π

0

er piθq ¨ er pjθq dθ “ 2πδi ,j ,

We can also derive orthogonality results that involve arbitrary coecient matrices.
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Lemma 2.3. Let i , j P N0 and A,B P R2ˆ2. Then

ˆ 2π

0

pAer piθqq b pBer pjθqq dθ “ πδi ,jAB
T ` πδiδjAI

´BT.

Furthermore, if at least one of A and B has only zero entries in its second column, then

ˆ 2π

0

pAer piθqq b pBer pjθqq dθ “ π pδi ,j ` δiδjqABT.

Here A and B are constant but they could depend on any variable other than θ, such as r .

Proof. We rst observe that

ppAxq b pBy qqkl “ AkµxµBlνyν “ AkµpxµyνqBT
νl “

`
Apx b y qBT

˘
kl
, @k, l .

Hence, using Lemma 2.1, we have

ˆ 2π

0

pAer piθqq b pBer pjθqq dθ “ A
`
πδi ,j I ` πδiδj I

´˘BT “ πδi ,jAB
T ` πδiδjAI

´BT.

Now suppose at least one of A and B has only zero entries in its second columns and denote their

rst columns by a, b respectively. We then nd that

AI˘BT “ a b b “ ABT,

and so
ˆ 2π

0

pAer piθqq b pBer pjθqq dθ “ π pδi ,j ` δiδjqABT.

Again, we can form an analogous result for inner products.

Corollary 2.4. Let i , j P N0 and A,B P R2ˆ2. Then

ˆ 2π

0

pAer piθqq ¨ pBer pjθqq dθ “ πδi ,jA ¨ B ` πδiδjA ˚ B,

where

A ˚ B :“ pAI´q ¨ B.

Furthermore, if A or B has only zero entries in its second column, then

ˆ 2π

0

pAer piθqq ¨ pBer pjθqq dθ “ π pδi ,j ` δiδjqA ¨ B.

Now that we have some orthogonality relations, we can use them to do calculations on a given

Fourier series.
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Lemma 2.5. Let ϕ P H1pB;R2q have Fourier coecients Φj . Then

∇ϕ “ 1

2
Φ1

0pr qe1 b er pθq `
ÿ

ją0

Φ1
jpr qer pjθq b er pθq ` j

r
Φjpr qeθpjθq b eθpθq, (2.3)

cof∇ϕ “ 1

2
cof Φ1

0pr qe2 b eθpθq `
ÿ

ją0

j

r
cof Φjpr qer pjθq b er pθq ` cof Φ1

jpr qeθpjθq b eθpθq, (2.4)

and

ˆ 2π

0

1

2
|∇ϕ|2 dθ “ π

4

Φ1
0pr q

2 ` π

2

ÿ

ją0

Φ1
jpr q

2 ` j2

r2

Φjpr q
2 , (2.5)

ˆ 2π

0

det∇ϕ dθ “ π
ÿ

jě0

j

r
pdetΦjpr qq1. (2.6)

Proof. The formula for ∇ϕ can be obtained by applying the gradient to each term in (2.1) using

∇ϕ “ ϕ,r b er pθq ` 1

r
ϕ,θ b eθpθq.

To get cof∇ϕ, we take the cofactor of each term, since it is a linear operator on R2ˆ2, and then

use

cofpu b v q “ pJuq b pJv q,

where J “ R
`
π
2

˘
. Then

1

2
|∇ϕ|2 “ 1

2
∇ϕ ¨∇ϕ

“ 1

2

˜ÿ

iě0

ciΦ
1
i pr qer piθq b er pθq ` i

r
Φi pr qeθpiθq b eθpθq

¸

¨
˜ÿ

jě0

cjΦ
1
jpr qer pjθq b er pθq ` j

r
Φjpr qeθpjθq b eθpθq

¸

“ 1

2

ÿ

i ,jě0

cicj
`
Φ1

i pr qer piθq
˘ ¨ `Φ1

jpr qer pjθq
˘` i j

r2
pΦi pr qeθpiθqq ¨ pΦjpr qeθpjθqq

“ 1

2

ÿ

i ,jě0

cicj
`
Φ1

i pr qer piθq
˘ ¨ `Φ1

jpr qer pjθq
˘` i j

r2
pcof Φipr qer piθqq ¨ pcof Φjpr qer pjθqq ,



2.1. Fourier Series 15

and

det∇ϕ “ 1

2
∇ϕ ¨ cof∇ϕ

“ 1

2

˜ÿ

iě0

ciΦ
1
ipr qer piθq b er pθq ` i

r
Φi pr qeθpiθq b eθpθq

¸

¨
˜ÿ

jě0

j

r
cof Φjpr qer pjθq b er pθq ` cj cof Φ

1
jpr qeθpjθq b eθpθq

¸

“ 1

2

ÿ

i ,jě0

jci
r

`
Φ1

i pr qer piθq
˘ ¨ pcof φjpr qer pjθqq ` icj

r
pΦipr qeθpiθqq ¨

`
cof Φ1

jpr qeθpjθq
˘

“ 1

2

ÿ

i ,jě0

jci
r

`
Φ1

i pr qer piθq
˘ ¨ pcof Φjpr qer pjθqq ` icj

r
pcof Φipr qer piθqq ¨

`
Φ1

jpr qer pjθq
˘
,

where ck :“ 1´ δk
2 . Here we have used the fact that

cofM “ JMJT “ JTMJ,

which can be checked by direct calculation. We then integrate both over θ P r0, 2πq using Lemma

2.3 to obtain
ˆ 2π

0

1

2
|∇ϕ|2 dθ “ π

2

ÿ

i ,jě0

cicj pδi ,j ` δiδjqΦ1
ipr q ¨Φ1

jpr q `
i j

r2
pδi ,j ` δiδjq cof Φipr q ¨ cof Φjpr q

“ π

2

ÿ

jě0

c2j p1` δjq
Φ1

jpr q
2 ` j2

r2
p1` δjq

cof Φjpr q
2

“ π

2

ÿ

jě0

c2j p1` δjq
Φ1

jpr q
2 ` j2

r2
p1` δjq

Φjpr q
2

“ π

4

Φ1
0pr q

2 ` π

2

ÿ

ją0

Φ1
jpr q

2 ` j2

r2

Φjpr q
2 ,

and
ˆ 2π

0

det∇ϕ dθ “ π

2

ÿ

i ,jě0

jci
r

pδi ,j ` δiδjqΦ1
i pr q ¨ cof Φjpr q ` icj

r
pδi ,j ` δiδjq cof Φi pr q ¨Φ1

jpr q

“ π

2

ÿ

jě0

jcj
r
p1` δjqΦ1

jpr q ¨ cof Φjpr q ` jcj
r
p1` δjq cof Φjpr q ¨Φ1

jpr q

“ π

2

ÿ

jě0

jcj
r
p1` δjqp2 detΦjpr qq1

“ π
ÿ

jě0

j

r
pdetΦjpr qq1.

Note that we can omit the j “ 0 summand for the determinant as detΦ0 “ 0 by (2.2).
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By integrating over θ P r0, 2πq, we are essentially taking the leading-order mode, discarding any

information that may be contained in higher-order modes. When using Fourier decompositions to

obtain sucient conditions for a non-negative excess, the discarding of higher-order modes will be a

signicant limitation. However, higher-order modes do not possess the splitting behaviour observed

in the leading-order mode, and, instead we observe mode mixing, making calculations much more

dicult. Now that we can Fourier decompose energy terms of maps, we can start to investigate

the regularity of the Fourier coecients of a given map.

Proposition 2.6. Let ϕ P L2pB;R2q have Fourier coecients Φj . Then

ˆ 1

0

r
Φjpr q

2 dr ă 8, @j ě 0.

Furthermore, if ϕ P H1pB;R2q, then
ˆ 1

0

1

r

Φjpr q
2 dr ă 8, @j ą 0,

ˆ 1

0

r
Φ1

jpr q
2 dr ă 8, @j ě 0.

Proof. Similarly to the derivation of (2.5), we start by calculating

ˆ 2π

0

|ϕ|2 dθ “
ˆ 2π

0

ÿ

i ,jě0

cicj pΦi pr qer piθqq ¨ pΦjpr qer pjθqq dθ

“
ÿ

i ,jě0

πcicjpδi ,j ` δiδjqΦipr q ¨Φjpr q

“ π
ÿ

jě0

c2j p1` δjq
Φj

2

“ π

2
|Φ0pr q|2 ` π

ÿ

ją0

Φjpr q
2 ,

and so

∥ϕ∥22 “
ˆ 1

0

ˆ 2π

0

|ϕ|2 r dθ dr “ π

2

ˆ 1

0

r |Φ0pr q|2 dr ` π
ÿ

ją0

ˆ 1

0

r
Φjpr q

2 dr.

Hence, we require that
ˆ 1

0

r
Φjpr q

2 dr ă 8, @j ě 0.

Now we further impose ϕ P H1pB;R2q so ∇ϕ P L2pB;R2q. Then

∥∇ϕ∥22 “
ˆ 1

0

ˆ 2π

0

|∇ϕ|2 r dθ dr “ π

2

ˆ 1

0

r
Φ1

0pr q
2 dr ` π

ÿ

ją0

ˆ 1

0

r
Φ1

jpr q
2 ` j2

r

Φjpr q
2 dr.
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Hence, we require that

ˆ 1

0

1

r

Φjpr q
2 dr ă 8, @j ą 0,

ˆ 1

0

r
Φ1

jpr q
2 dr ă 8, @j ě 0.

Note that these conditions are necessary but not sucient. For sucient conditions, we would

need to specify not just that the modes have nite energy but also growth conditions to ensure

convergence. One may also wonder if one of the conditions for the case of ϕ P H1 could be

dropped by using an embedding. However, we can show that this is not possible.

Proposition 2.7. Let j ą 0. There does not exist a constant C ą 0 such that

ˆ 1

0

1

r

Φjpr q
2 dr ď C

ˆ 1

0

r
Φ1

jpr q
2 dr, @ϕ P H1pB;R2q. (2.7)

Proof. For a counter-example consider the one-parameter family of functions ψϵ : r0, 1s Ñ R,
given by

ψϵpr q “
$
&
%

r
ϵ , r P r0, ϵs,
1, r P rϵ, 1s,

with ϵ P p0, 1q.

0 ϵ 1
0

1

r

ψ
ϵ

Figure 2.1: Plot of ψϵ for a given ϵ ą 0.
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We then take Φjpr q “ ψϵpr qI so we have

ˆ 1

0

1

r

Φjpr q
2 dr “

ˆ ϵ

0

2r

ϵ2
dr `

ˆ 1

ϵ

2

r
dr “ 1´ 2log pϵq ,

ˆ 1

0

r
Φ1

jpr q
2 dr “

ˆ ϵ

0

2r

ϵ2
dr `

ˆ 1

ϵ

0 dr “ 1.

Thus, as ϵ Ñ 0`, we have

ˆ 1

0

1

r

Φjpr q
2 dr Ñ 8,

ˆ 1

0

r
Φ1

jpr q
2 dr Ñ 1,

which is incompatible with (2.7).

2.2. Existence of Admissible Maps

Formally, the Euler-Lagrange equation for the excess functional Ep is given by

∆u ` cofp∇uq∇p “ 0. (2.8)

Under the assumption that p : B Ñ R is suciently smooth and radially symmetric, we can Fourier

decompose the PDE to get an innite system of ODEs. To do this we must rst establish a

decomposition for the Laplacian term.

Lemma 2.8. Let ϕ : B Ñ R2 by suciently smooth and have Fourier coecients Φj . Then

∆ϕ “ 1

2

ˆ
Φ2

0pr q `
1

r
Φ1

0pr q
˙
e1 `

ÿ

ją0

ˆ
Φ2

j pr q `
1

r
Φ1

jpr q ´
j2

r2
Φjpr q

˙
er pjθq.

Proof. This follows immediately by applying the Laplacian [36] ∆ “ Br r ` 1
r Br ` 1

r2
Bθθ to each term

of the Fourier series of ϕ.

We can then derive the following result.

Proposition 2.9. Let p P C1pBq be radially symmetric. Then (2.8) is equivalent to

r2A2
j pr q ` rA1

jpr q `
`
j rp1pr q ´ j2

˘
Ajpr q “ 0, @j ě 0, (2.9)

r2B2
j pr q ` rB1

jpr q ´
`
j rp1pr q ` j2

˘
Bjpr q “ 0, @j ě 0, (2.10)

where Aj :“ U
p`q
j and Bj :“ U

p´q
j .
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Here we dene the conformal and anti-conformal parts of M P R2ˆ2 to be

Mp`q :“ 1

2
pM ` cofMq ,

Mp´q :“ 1

2
pM ´ cofMq ,

respectively.

Proof. Using (2.8) and (2.4), we already have Fourier decompositions for the Laplacian and

cofactor terms. Since p is radially symmetric, we have

∇p “ p1pr qer pθq,

where the prime denotes a radial derivative. Then, using the fact that

pv b aqb “ pa ¨ bqv , @a, b, v P R2,

we obtain

cofp∇uq∇p “
ÿ

ją0

j

r
p1pr q cof Ujpr qer pjθq.

Multiplying through by r2, we nd that (2.8) is equivalent to

1

2

`
r2U2

0pr q ` rU 1
0pr q

˘
e1 `

ÿ

ją0

`
r2U2

j pr q ` rU 1
j pr q ´ j2Ujpr q ` j rp1pr q cof Ujpr q

˘
er pjθq “ 0,

and so

r2U2
j pr q ` rU 1

j pr q ´ j2Ujpr q ` j rp1pr q cof Ujpr q “ 0, @j ě 0. (2.11)

We now write Uj “ Aj ` Bj with Aj being the conformal part [22] of Uj and Bj being the anti-

conformal [22] part of Uj . Since (2.11) is linear in Uj , taking the conformal and anti-conformal

parts yields the same equation but in Aj and Bj , respectively. Then, using the fact that

cof Aj “ `Aj ,

cof Bj “ ´Bj ,

the system decouples, giving us

r2A2
j pr q ` rA1

jpr q `
`
j rp1pr q ´ j2

˘
Ajpr q “ 0, @j ě 0,

r2B2
j pr q ` rB1

jpr q ´
`
j rp1pr q ` j2

˘
Bjpr q “ 0, @j ě 0.
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2.2.1. Monomial Pressure Functions

We observe that (2.9) and (2.10) bear some resemblance to Bessel and modied Bessel equations

[1, Chapter 9], respectively, of degree j . In fact, when p takes a certain form, we can show that

these ODEs are equivalent to (modied) Bessel equations.

Corollary 2.10. Suppose, additionally, that p : B Ñ R is smooth away from the origin. The ODEs

(2.9) and (2.10) can be transformed into Bessel and modied Bessel equations, respectively, i p

takes the form

pprq “ p0 ` p1r
σ, p0, p1 P R,

for a constant exponent σ ą 0. The corresponding u is given by

u “ 1

2
U0p1qe1 `

ÿ

ją0

¨
˚̊
˝
J 2j

σ

ˆ
2

b
j
σp1r

σ

˙

J 2j
σ

ˆ
2

b
j
σ

˙ U
p`q
j p1q `

I 2j
σ

ˆ
2

b
j
σp1r

σ

˙

I 2j
σ

ˆ
2

b
j
σ

˙ U
p´q
j p1q

˛
‹‹‚er pjθq.

Proof. The only change of variables that could produce a (modied) Bessel equation takes the

form

κs2 “ rp1pr q, κ P R

so

ds

dr
“ rp2pr q ` p1pr q

2κs
.

The rst order dierential operator is then given by

d

dr
“ ds

dr

d

ds
“ rp2pr q ` p1pr q

2κs

d

ds
.

To calculate the second order order dierential operator, we use the product rule

d2

dr2
“ d

dr

ˆ
rp2pr q ` p1pr q

2κs

d

ds

˙

“
ˆ
rp2pr q ` p1pr q

2κs

˙
d

dr

d

ds
`

d
dr prp2pr q ` p1pr qq p2κsq ´ prp2pr q ` p1pr qq d

dr p2κsq
p2κsq2

d

ds

“
ˆ
rp2pr q ` p1pr q

2κs

˙2 d2

ds2
`

˜
rp3pr q ` 2p2pr q

2κs
´ prp2pr q ` p1pr qq2

p2κq2s3
¸

d

ds
.
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Then

r2
d

dr
` r

d

dr
“ r2

ˆ
rp2pr q ` p1pr q

2κs2

˙2

s2
d2

ds2

`
˜
r2

˜
rp3pr q ` 2p2pr q

2κs2
´ prp2pr q ` p1pr qq2

p2κq2s4
¸

` r

ˆ
rp2pr q ` p1pr q

2κs2

˙¸
s

d

ds

“
ˆ
r2p2pr q ` rp1pr q

2κs2

˙2

s2
d2

ds2

`
˜
r3p3pr q ` 3r2p2pr q ` rp1pr q

2κs2
´

ˆ
r2p2pr q ` rp1pr q

2κs2

˙2
¸
s

d

ds
.

If we wish to obtain a (modied) Bessel equation in the variable s, we would require that

ˆ
r2p2pr q ` rp1pr q

2κs2

˙2

“ r3p3pr q ` 3r2p2pr q ` rp1pr q
2κs2

´
ˆ
r2p2pr q ` rp1pr q

2κs2

˙2

“ σ2

4
ě 0,

for some constant σ ą 0. We start by solving

ˆ
r2p2pr q ` rp1pr q

2κs2

˙2

“ σ2

4
ðñ rp2pr q ` p1´ σqp1pr q “ 0,

to obtain

pprq “ p0 ` p1r
σ,

for some constants p0, p1 P R. It then follows, by direct calculation, that

r3p3pr q ` 3r2p2pr q ` rp1pr q
2κs2

´
ˆ
r2p2pr q ` rp1pr q

2κs2

˙2

“ σ2

4
.

By taking the other sign in the square root, we can also obtain the same solution but with ´σ ă 0

instead of σ ą 0. However, this gives a discontinuous pressure function p which we will omit. The

ODEs can now be written in the new variable s as

s2Ã2
j psq ` sÃ1

jpsq `
4

σ2

`
jκs2 ´ j2

˘
Ãjpsq “ 0, @j ě 0,

s2B̃2
j psq ` sB̃1

jpsq ´
4

σ2

`
jκs2 ` j2

˘
Bjpsq “ 0, @j ě 0.

We are free to pick κ P R for each ODE and so we shall take κ “ σ2

4j , for j ą 0, to obtain

s2Ã2
j psq ` sÃ1

jpsq `
`
s2 ´ ν2

˘
Ãjpsq “ 0, @j ą 0,

s2B̃2
j psq ` sB̃1

jpsq ´
`
s2 ` ν2

˘
Bjpsq “ 0, @j ą 0,

where ν :“ 2j
σ . Thus, when j ą 0, we have a Bessel equation for the Ãj and a modied Bessel

equation for the B̃j , each with degree ν “ 2σ
j . Solving the ODEs in the variable s using the fact
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that Ãjpsq and B̃jpsq are bounded near s “ 0, we nd

Ãjpsq “
J 2j

σ
psq

J 2j
σ

ˆ
2

b
j
σp1

˙ Ãj

˜
2

c
j

σ
p1

¸
, j ą 0,

B̃jpsq “
I 2j
σ
psq

I 2j
σ

ˆ
2

b
j
σp1

˙ B̃j

˜
2

c
j

σ
p1

¸
, j ą 0.

Now we change back into the variable r to get

Ajpr q “
J 2j

σ

ˆ
2

b
j
σp1r

σ

˙

J 2j
σ

ˆ
2

b
j
σp1

˙ Ajp1q, j ą 0

Bjpr q “
I 2j
σ

ˆ
2

b
j
σp1r

σ

˙

I 2j
σ

ˆ
2

b
j
σp1

˙ Bjp1q, j ą 0.

For j “ 0, we have

r2A2
0pr q ` rA1

0pr q “ 0 ñ A0pr q “ A0p1q,
r2B2

0pr q ` rB1
0pr q “ 0 ñ B0pr q “ B0p1q,

again, using the fact that the Aj and Bj are bounded near r “ 0. Then, since J0p0q “ I0p0q “ 1,

we can write

Ajpr q “
J 2j

σ

ˆ
2

b
j
σp1r

σ

˙

J 2j
σ

ˆ
2

b
j
σp1

˙ Ajp1q, j ě 0

Bjpr q “
I 2j
σ

ˆ
2

b
j
σp1r

σ

˙

I 2j
σ

ˆ
2

b
j
σp1

˙ Bjp1q, j ě 0.

Hence, we can write down a solution for u

u “ 1

2
U0p1qe1 `

ÿ

ją0

¨
˚̊
˝
J 2j

σ

ˆ
2

b
j
σp1r

σ

˙

J 2j
σ

ˆ
2

b
j
σp1

˙ U
p`q
j p1q `

I 2j
σ

ˆ
2

b
j
σp1r

σ

˙

I 2j
σ

ˆ
2

b
j
σp1

˙ U
p´q
j p1q

˛
‹‹‚er pjθq.
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In the case of p1 ă 0, it may be useful to write

J 2j
σ

ˆ
2

b
j
σp1r

σ

˙

J 2j
σ

ˆ
2

b
j
σp1

˙ “
I 2j
σ

ˆ
2

b
´ j

σp1r
σ

˙

I 2j
σ

ˆ
2

b
´ j

σp1

˙ ,

I 2j
σ

ˆ
2

b
j
σp1r

σ

˙

I 2j
σ

ˆ
2

b
j
σp1

˙ “
J 2j

σ

ˆ
2

b
´ j

σp1r
σ

˙

J 2j
σ

ˆ
2

b
´ j

σp1

˙ ,

to avoid the introduction of imaginary roots.

0 1
0

1

r

A
j

j “ 1

j “ 2

j “ 3

0 1
0

1

r

B
j

j “ 1

j “ 2

j “ 3

Figure 2.2: Plots of the solutions Aj (left) and Bj (right) with σ “ 1 and p1 “ 1 for j “ 1, 2, 3.

Here we have normalised to Ajp1q “ Bjp1q “ 1.

2.2.2. Logarithmic Pressure Functions

We can also observe, in the case of constant (but non-zero) rp1pr q, that (2.9) and (2.10) reduce

to Cauchy-Euler equations [11].

Corollary 2.11. The ODEs (2.9) and (2.10) can be transformed into Cauchy-Euler equations, i

p takes the form

ppr q “ p0 ` p˚log prq , p0, p˚ P R.

A corresponding u exists i

U
p`q
j p1q “ 0, @j ă `p˚,

U
p´q
j p1q “ 0, @j ă ´p˚,
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and is given by

u “ 1

2
U0p1qe1 `

ÿ

ją0

´
r
?

j2´jp˚U
p`q
j p1q ` r

?
j2`jp˚U

p´q
j p1q

¯
er pjθq.

Proof. For the ODEs to take the form of a Cauchy-Euler equation, we must have rp1pr q “ p˚ P R
and changing variables will not make any dierence. We then have

ppr q “ p0 ` p˚log prq , p0, p˚ P R.

The ODEs then simplify to

r2A2
j pr q ` rA1

jpr q `
`
jp˚ ´ j2

˘
Ajpr q “ 0, @j ě 0, (2.12)

r2B2
j pr q ` rB1

jpr q ´
`
jp˚ ` j2

˘
Bjpr q “ 0, @j ě 0. (2.13)

We then break the solutions down into two cases depending on j , assuming p˚ ą 0.

• If j ě p˚ or j “ 0, the solutions are given by

Ajpr q “ r
?

j2´jp˚Ajp1q,
Bjpr q “ r

?
j2`jp˚Bjp1q.

In the case of j “ p˚, the general solution for Aj has a logarithmic term that vanishes due

to the need for boundedness near r “ 0.

• If j ă p˚ and j ‰ 0, then there is no real solution for Aj that is bounded near r “ 0 unless

Ajp1q “ 0. In this case, we have

Ajpr q “ 0,

Bjpr q “ r
?

j2`jp˚Bjp1q.

If instead p˚ ă 0, we obtain similar results, but it is Bj that loses real solutions when j ă ´p˚.
The case of p˚ “ 0 is trivial. Taking into account these existence conditions, the solution for u is

given by

u “ 1

2
U0p1qe1 `

ÿ

ją0

´
r
?

j2´jp˚U
p`q
j p1q ` r

?
j2`jp˚U

p´q
j p1q

¯
er pjθq.

We again recover the constant pressure solution when we set p˚ “ 0.
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Figure 2.3: Plots of the solutions Aj (left) and Bj (right) with p1 “ 0.8 for j “ 1, 2, 3. Here we

have normalised to Ajp1q “ Bjp1q “ 1.

2.2.3. Frobenius Series Solutions

We now establish a method for constructing admissible maps that correspond to a much wider

class of radially symmetric pressure functions, including both the monomial and logarithmic cases

previously discussed.

Proposition 2.12. Let p : B Ñ R be radially symmetric and satisfy

pprq “ p˚log prq `
ÿ

kě0

pk r
k , @r P p0, 1s.

Then there exists a solution u to the Euler-Lagrange equation (2.8) i

U
p`q
j p1q “ 0, @j ă `p˚,

U
p´q
j p1q “ 0, @j ă ´p˚.

Proof. Since p has the form

pprq “ p˚log prq ` oplog prqq, r Ñ 0`,

we know that rp1pr q has no pole at r “ 0. then, by Fuch’s theorem (i.e: the Frobenius method) [4,

Appendix A], there exist solutions for the Aj and Bj taking the form

Ajpr q “
ÿ

iě0

Ai
j r

αj`i , A0
j P t0, 1u

Bjpr q “
ÿ

iě0

Bi
j r

βj`i , B0
j P t0, 1u.
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The condition A0
j , B

0
j P t0, 1u means that we can have either trivial solutions or non-trivial solutions

satisfying a specic boundary condition at r “ 1. To obtain other non-trivial solutions, we can

simply rescale. Substituting these into (2.12) and (2.13)1 gives us

ÿ

iě0

``pαj ` iq2 ´ j2
˘` jpp˚ ` op1qq˘Ai

j r
αj`i “ 0,

ÿ

iě0

``pβ ` iq2 ´ j2
˘´ jpp˚ ` op1qq˘Bi

j r
βj`i “ 0,

which have leading order terms

`
α2
j ´ j2 ` jp˚

˘
Ai
j r

αj ` o prαj q “ 0,
`
β2
j ´ j2 ´ jp˚

˘
Bi

j r
βj ` o

`
rβj

˘ “ 0.

These leading order terms must vanish for all r and so, depending on the values of j and p˚, we
can solve for αj and βj .

• Suppose p˚ ě 0.

– If j ě p˚ or j “ 0, then the indicial equations have roots

αj “ ˘
a

j2 ´ jp˚,

βj “ ˘
a

j2 ` jp˚.

Regardless of whether these roots dier by an integer, we will always discard the solution

corresponding to the smaller root, as it will be unbounded near r “ 0, behaving like either

rγ for some γ ă 0 or log prq rγ for some γ ď 0.

– If j ă p˚ and j ‰ 0, then we still take

βj “
a

j2 ` jp˚,

but we have no solution for αj , and so we take Aj “ 0.

• Now suppose p˚ ď 0.

– If j ě ´p˚ or j “ 0, then the indicial equations have roots

αj “ ˘
a

j2 ´ jp˚,

βj “ ˘
a

j2 ` jp˚,

and, again, we discard the solutions corresponding to the smaller roots to ensure

boundedness near r “ 0.



2.2. Existence of Admissible Maps 27

– If j ă ´p˚ and j ‰ 0, then we still take

αj “
a

j2 ´ jp˚,

but we have no solution for βj , and so we take Bj “ 0.

The solutions for the non-trivial Aj and Bj can be obtained using the recurrence relations

Ai
j “ ´ j

i2 ` 2i
a

j2 ´ jp˚

ÿ

k`ℓ“i

kpkA
ℓ
j , A0

j “ 1, j ě `p˚ or j “ 0,

Bi
j “ ` j

i2 ` 2i
a

j2 ` jp˚

ÿ

k`ℓ“i

kpkB
ℓ
j , B0

j “ 1, j ě ´p˚ or j “ 0.

There are several important remarks that we can make regarding this result.

• The required form for p is dictated entirely by the conditions needed to apply Fuch’s theorem.

In particular, we require that ppr q “ p˚log prq ` µprq where µ is meromorphic [26] and pole-

free. However, this immediately tells us that that µ must be expressible as a convergent

power series.

• The recurrence relations for the Ai
j and Bi

j are independent of p0. This is to be expected, as

p does not appear explicitly in (2.8), only ∇p.

• The value of p˚ is the main driving factor in the existence of solutions and what boundary

conditions we can satisfy. In the absence of a logarithmic term, we can satisfy any boundary

condition we like. Furthermore, this also applies when we have a logarithmic term with

|p˚| ď 1.

2.2.4. Linear Pressure Functions

The main limitation of the methods discussed so far is the requirement of radial symmetry in the

pressure function p. However, (2.8) can also be solved explicitly for some non-radially symmetric

pressure functions, one such example being the case of a linear pressure function

ppxq “ λ ¨ x λ P R2.

We can then write the Euler-Lagrange equation as

∆u ` cofp∇uqλ “ 0. (2.14)
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This is a coupled linear system with constant coecients, since λ P R2 is a constant vector, so we

can easily take further derivatives, assuming they exist. We shall take the Laplacian of (2.14) and

then substitute for the new Laplacian term, again using (2.14).

∆2u “ ´ cofp∇∆uqλ
“ ´ cof p∇p´ cofp∇uqλqqλ

“ cof

˜
∇

˜
´pJ∇u2q ¨ λ
`pJ∇u1q ¨ λ

¸¸
λ

“ cof

˜
∇

˜
´∇u2 ˆ λ

`∇u1 ˆ λ

¸¸
λ

“ ´
˜
∇p∇u1 ˆ λq ˆ λ

∇p∇u2 ˆ λq ˆ λ

¸

“ ´
˜
pλTJ∇2u1q ˆ λ

pλTJ∇2u2q ˆ λ

¸

“ ´
˜
pJλq ¨ pp∇2u1qTJλq
pJλq ¨ pp∇2u2qTJλq

¸

“ ´
˜
adjp∇2u1qrλ,λs
adjp∇2u2qrλ,λs

¸
,

using the fact that

∇pv ˆ λq “ ´∇pv ¨ Jλq “ ´pJλqT∇v “ λTJ∇v ,

for constant λ P R2. We then get the decoupled system

∆2uj ` adjp∇2ujqrλ,λs “ 0 j “ 1, 2. (2.15)

With the assistance of a computer algebra package, we can solve (2.15) and nd that solutions u

take the form of polynomials with degree 8. In particular, there exists an 18 dimensional solution

set to (2.14) consisting of degree 8 polynomials. We will highlight one such example of these

polynomial solutions.

Proposition 2.13. Let u : B Ñ R2 be given by

ujpxq “
ˆ
λ1

λ2
2

x1 ` x2

˙2

` p´1qj 2
λ2

˜
1`

ˆ
λ1

λ2

˙2
¸
x1.

Then u solves (2.15).
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2.3. Sucient Conditions

Now that we have better established the link between minimising D amongst the constrained class

Au and non-negativity of the excess Ep for a suitable pressure p, we shall proceed to determine

which pressure functions make the excess non-negative. Whenever we nd a pressure p with Ep ě 0,

we can then calculate the corresponding u that solves the Euler-Lagrange equation (2.8) and we

know that u will minimise D in Au. We shall start by decomposing the excess functional using

Fourier modes.

Proposition 2.14. Let p : B Ñ R be radially symmetric and ϕ P H1pB;R2q. Then

Eppϕq “ π

ˆ 1

0

r

4

Φ1
0pr q

2 `
ÿ

ją0

r

2

Φ1
jpr q

2 ` j2

2r

Φjpr q
2 ` jppr q pdetΦjpr qq1 dr. (2.16)

Furthermore, if p is weakly dierentiable, we have

Eppϕq “ π

ˆ 1

0

r

4

Φ1
0pr q

2 `
ÿ

ją0

r

2

Φ1
jpr q

2 ` j2

2r

Φjpr q
2 ´ jp1pr q detΦjpr q dr. (2.17)

Proof. The proof follows directly from using (2.5) and (2.6), then applying integration by parts. If

we estimate the determinant term using Hadamard’s inequality and consider Proposition 2.6, we

observe that

r ÞÑ 1

r
detΦjpr q,

is in L1. Hence, the integral
´ 1
0 p1pr q detΦjpr q dr is nite if

r ÞÑ rp1pr q,

is in L8.

We observe that the integrand in (2.17) has three terms, namely
Φ1

j


2
,
Φj

2 and detΦj . If we

can estimate
Φ1

j


2
and detΦj in terms of

Φj

2, then we can derive a bound of the form

Eppϕq ě
ÿ

jě0

ˆ 1

0

λjpr q
Φjpr q

2 dr, @ϕ P H1
0pB;R2q,

where the λj depend on p. We can then investigate which choices of p cause the λj to be

non-negative almost everywhere. To compare detΦj with
Φj

2, we will just use Hadamard’s

inequality [23, 37] pointwise. However, to compare
Φ1

j


2
with

Φj

2, we will need to make use of

some form of integral inequality.
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2.3.1. Poincaré Inequalities

A natural choice for a mean inequality to compare
Φ1

j


2
with

Φj

2 would be an appropriately

weighted Poincaré inequality.

Lemma 2.15. Let

A “
"
v P W 1,1

0 pr0, 1sq :
ˆ 1

0

rv 1pr q2 dr ă 8
*
.

Then
ˆ 1

0

rv pr q2 dr ď 1

j20

ˆ 1

0

rv 1pr q2 dr, @v P A,

where j0 is the rst positive zero of the Bessel function J0, and the inequality is sharp.

Proof. We will rst minimise the functional

F pv q “
ˆ 1

0

rv 1pr q2 dr,

in the constrained class

Ā “
"
v P A :

ˆ 1

0

rv pr q2 dr “ 1

*
.

We will justify the existence of a minimiser later (see 2.18) and start by calculating a stationary

point using the method of Lagrange multipliers [41]. We start by forming the augmented functional

Λpv ,λq “
ˆ 1

0

rv 1pr q2 dr ` λ

ˆ
ˆ 1

0

rv pr q2 dr ´ 1

˙
,

where λ is a Lagrange multiplier. The Euler-Lagrange equation of Λ with respect to λ is just the

constraint. However, if we take the Euler-Lagrange equation with respect to v , we have

d

dr

`
2rv 1pr q˘ “ 2λrv pr q,

or, equivalently,

r2v2pr q ` rv 1pr q ´ λr2v pr q “ 0.

Making the substitution s “ ?
λr and writing ṽ psq “ v pr q, the Euler-Lagrange equation of Λp¨,λq

can be written as

s2ṽ 2psq ` sṽ 1psq ´ s2ṽ psq “ 0,

which is a Bessel equation of order 0. Thus, the solution is given by

ṽ psq “ AJ0psq ` BY0psq ñ v pr q “ AJ0p
?
λr q ` BY0p

?
λr q.

We then use the boundary conditions to deduce

v p0q “ 0 ñ B “ 0,

v p1q “ 0 ñ λ “ j20 ,
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where j0 ą 0 is a zero of the Bessel function J0. Note that we have used that v P Ā ñ v ı 0 in

the second line. Furthermore, we have

1 “
ˆ 1

0

rv pr q2 dr “ A2

ˆ 1

0

rJ0pj0rq2 dr

“ A2

j20

ˆ j0

0

sJ0psq2 ds

“ A2

j20

„
s2

2

`
J0psq2 ` J1psq2

˘ȷj0

0

“ A2

2
J1pj0q2,

and so

A “ ˘
?
2

J1pj0q .

We then substitute this solution back into F to obtain

F pv q “
ˆ 1

0

rv 1pr q2 dr “ 2

J1pj0q2
ˆ 1

0

j20 rJ
1
0pj0rq2 dr

“ 2j20
J1pj0q2

ˆ 1

0

rJ1pj0rq2 dr

“ 2

J1pj0q2
ˆ j0

0

sJ1psq2 ds

“ 2

J1pj0q2
„
s2

2

`
J1psq2 ´ J0psqJ2psq

˘ȷj0

0

“ j20 .

Hence

min
vPĀ

F pv q “ j20 at v˚pr q “ ˘
?
2

J1pj0qJ0pj0rq.

Since j20 is the minimum of F in Ā, we will pick j0 to be the smallest of the positive zeroes of J0.

Now let v P A and dene

v̄ :“ vb
´ 1
0 rv pr q2 dr

P Ā.

Then

F pv̄ q “
´ 1
0 rv 1pr q2 dr
´ 1
0 rv pr q2 dr ě j20 ñ

ˆ 1

0

rv pr q2 dr ď 1

j20

ˆ 1

0

rv 1pr q2 dr @v P A.

The inequality is sharp as equality is attained by taking v “ v˚ P A.

We can now use this weighted Poincaré inequality to estimate the excess functional.
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Theorem 2.16. Let p P W 1,1pBq be radially symmetric and satisfy

rp1pr q ď

$
’&
’%
1` j20 r

2, r P
”
0, 1

j0

ı
,

2j0r r P
”
1
j0
, 1
ı
,

a.e. r P r0, 1s,

Then Ep ě 0.

Proof. We start by recalling the Fourier decomposition of the excess as given in Proposition 2.14.

Eppϕq “ π

ˆ 1

0

r

4

Φ1
0pr q

2 `
ÿ

ją0

r

2

Φ1
jpr q

2 ` j2

2r

Φjpr q
2 ´ jp1pr q detΦjpr q dr.

By Hadamard’s inequality, we have
detΦjpr q

 ě ´1

2

Φjpr q
2 @j ą 0,

pointwise. Then applying Lemma 2.15 to the Φj , we estimate

Eppϕq ě π

ˆ 1

0

j20 r

4
|Φ0pr q|2 `

ÿ

ją0

j20 r

2

Φjpr q
2 ` j2

2r

Φjpr q
2 ´ j

2

p1pr q Φjpr q
2 dr

“ π

2

ˆ 1

0

j20 r

2
|Φ0pr q|2 `

ÿ

ją0

ˆ
j20 r `

j2

r
´ j

p1pr q
˙ Φjpr q

2 dr.

We can ensure that Ep ě 0 by taking p to satisfy

j20 r `
j2

r
´ j

p1pr q ě 0 @j ą 0,

pointwise for almost every r P r0, 1s. Equivalently, we can write

rp1pr q ď j20
j
r2 ` j “: ρjpr q @j ą 0.

To reduce this inequality, we will attempt to minimise the ρj with respect to j , observing that the

minimum occurs when
Bρjpr q
Bj “ 1´ j20

j2
r2 “ 0 ñ j “ j0r.

We then split into two possible cases.

• If r P
”
1
j0
, 1
ı
, then j0r ě 1 and so we have

ρjpr q ě ρj0r pr q “ 2j0r @j ě 1.

• If r P
”
0, 1

j0

ı
, then j0r ă 1 and so ρjpr q does not attain a local minimum for j ě 1. However,

we do observe that
Bρjpr q
Bj “ 1´ j20

j2
r2 ě 1´ 1

j2
ě 0,

and so

ρjpr q ě ρ1pr q “ j20 r
2 ` 1 @j ě 1.
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Overall, we can conclude that

ρjpr q ě ρ˚pr q :“

$
’&
’%
1` j20 r

2, r P
”
0, 1

j0

ı
,

2j0r r P
”
1
j0
, 1
ı
,

@j ą 0

pointwise for r P r0, 1s. Hence, a sucient condition for Ep ě 0 is

rp1pr q ď ρ˚pr q “

$
’&
’%
1` j20 r

2, r P
”
0, 1

j0

ı
,

2j0r r P
”
1
j0
, 1
ı
,

a.e. r P r0, 1s

0 1
0

1

r

ρ
˚

Figure 2.4: Plot of the pointwise upper bound ρ˚ derived in Theorem 2.16.

As a corollary, we can also deduce a sucient condition in terms of the Lipschitz constant [8] of

the pressure function.

Corollary 2.17. If p P W 1,8pBq is radially symmetric and satises

∥∇p∥8 ď 2j0,

then Ep ě 0.

Proof. We rst write the sucient condition as

p1pr q ď ρ˚pr q
r

,

so
p1pr q ď inf

sPr0,1s
ρ˚psq
s

a.e. r P r0, 1s,
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would also be sucient. Then

B
Br

ρ˚pr q
r

“

$
’&
’%
j20 ´ 1

r2
, r P

”
0, 1

j0

ı
,

0 r P
”
1
j0
, 1
ı
,

so the minimum is attained at any r P
”
1
j0
, 1
ı
and we have

inf
rPr0,1s

ρ˚pr q
r

“ j0ρ˚
ˆ
1

j0

˙
“ 2j0.

Hence ∥p1∥8 ď 2j0 is sucient for Ep ě 0.

It should be noted that the weighted Poincaré inequality in Lemma 2.15 can also be thought of as

an unweighted L2 Poincaré inequality on B, restricted to the class of radially symmetric functions.
ˆ

B

|ϕpxq|2 dx ď 1

j20

ˆ

B

|∇ϕpxq|2 dx @ϕ P H1
0pB;R2q. (2.18)

This is why we did not need to show the existence of a minimiser in the proof of Lemma 2.15 as

existence of minimisers of the Dirichlet energy, which is the right-hand side of the inequality, has

been shown numerous times before [21, Chapter 8.4.3]. We know that solutions to the associated

eigenvalue problem for this Poincaré inequality take the form of a Fourier series in polar coordinates

and so the principle eigenfunction is radially symmetric. This means that we will see no improvement

in the optimal constant when we make the restriction of radial symmetry as the function that makes

the inequality sharp is the same in both cases. With this in mind, we can apply the unweighted

Poincaré inequality (2.18) directly to Ep without any Fourier decomposition.

Proposition 2.18. Let p P W 1,8pBq satisfy

∥∇p∥8 ď j0.

Then Ep ě 0.

Proof. For any ϕ P H1
0pB;R2q, we use Hölder’s inequality, Piola’s identity and (2.18) to obtain

Eppϕq “
ˆ

B

1

2
|∇ϕ|2 ` p det∇ϕ dx

“ 1

2

ˆ

B

|∇ϕ|2 ` p div pcofp∇ϕqϕq dx

“ 1

2

ˆ

B

|∇ϕ|2 ´∇p ¨ pcofp∇ϕqϕq dx

ě 1

2

´
∥∇ϕ∥22 ´ ∥∇p∥8 ¨ ∥∇ϕ∥2 ¨ ∥ϕ∥2

¯

ě 1

2

ˆ
1´ ∥∇p∥8

j0

˙
∥∇ϕ∥22 .
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Hence,

∥∇p∥8 ď j0 ñ Ep ě 0.

We observe that, when constructing sucient conditions in terms of Lipschitz constants, making

use of Fourier series and assuming radially symmetric pressure give an improvement over direct

estimates of the excess functional (since j0 ă 2j0). Furthermore, by using Fourier based techniques,

we are able to derive sucient conditions given in terms of pointwise bounds when the pressure is

radially symmetric. This allows us to nd non-negative excess functionals for a much wider range

of pressure functions, including non-Lipschitz examples.

2.3.2. Weighted Sobolev Inequalities

The main limitation of using Poincaré inequalities in this context is due to the weight being the

same on both sides of the inequality. If we look closer at the integrand in (2.17), we don’t just want

to compare
Φ1

j


2
with

Φj

2, but rather we wish to compare r
Φ1

j


2
with 1

r

Φj

2. This motivates

the usage of weighted Sobolev inequalities [3, Chapter 1], taking the form
ˆ

B

|ϕpxq|2 dx

w pxq2 ď 1

C2
w

ˆ

B

|∇ϕpxq|2 dx, @ϕ P H1
0pB;R2q (2.19)

for a non-negative weight function w : B Ñ R that we will assume is radially symmetric. Note

that the constant Cw ą 0 depends on the choice of w , if it exists at all. As we have seen in the

case of the Poincaré inequality, it will also be useful to consider a radially symmetric version of this

inequality, given by
ˆ 1

0

v pr q2 r dr

w pr q2 ď 1

C2
w

ˆ 1

0

v 1pr q2r dr. (2.20)

If we can nd a weight w and a constant Cw such that we have a weighted Sobolev inequality, we

can then use it to derive sucient conditions for non-negativity of Ep.

Proposition 2.19. Let w : B Ñ R and Cw P R be non-negative and picked such that (2.19) holds

for all admissible ϕ. Then

∥w∇p∥8 ď Cw ñ Ep ě 0.

Proof. We shall apply the same technique as in the proof of Proposition 2.18, writing

Eppϕq “ 1

2

ˆ

B

|∇ϕ|2 ´ w∇p ¨
´
cofp∇ϕqϕ

w

¯
dx

ě 1

2

´
∥∇ϕ∥22 ´ ∥w∇p∥8 ¨ ∥∇ϕ∥2 ¨

ϕ
w


2

¯

ě 1

2

ˆ
1´ 1

Cw
∥w∇p∥8

˙
∥∇ϕ∥22 .
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We again observe that, when we do not apply a Fourier decomposition to the excess functional,

we obtain only a sucient condition on p in the mean. We can improve this result by using the

decomposition technique as demonstrated in the proof of Theorem (2.16).

Theorem 2.20. Let w : r0, 1s Ñ R and Cw P R be non-negative and picked such that (2.19) holds

for all admissible v . If p P W 1,1pBq is radially symmetric and satises

rp1pr q ď
$
&
%
1` C2

w

wprq2 r
2, r ď wprq

Cw
,

2Cw

wprq r, r ě wprq
Cw

,
a.e. r P r0, 1s,

then Ep ě 0.

Proof. We start as we did in the proof of Theorem (2.16), writing

Eppϕq “ π

ˆ 1

0

r

4

Φ1
0pr q

2 `
ÿ

ją0

r

2

Φ1
jpr q

2 ` j2

2r

Φjpr q
2 ´ jp1pr q detΦjpr q dr.

We again apply Hadamard’s inequality but this time, instead of using Lemma (2.15), we apply

(2.20) and obtain

Eppϕq ě π

ˆ 1

0

C2
w r

4w pr q2 |Φ0pr q|2 `
ÿ

ją0

C2
w r

2w pr q2
Φjpr q

2 ` j2

2r

Φjpr q
2 ´ j

2

p1pr q Φjpr q
2 dr

“ π

2

ˆ 1

0

C2
w r

2w pr q2 `
ÿ

ją0

ˆ
C2
w

w pr q2 r
2 ` j2 ´ j

rp1pr q
˙ Φjpr q

2 dr

r
.

To ensure Ep ě 0, we take p to satisfy

rp1pr q ď C2
w

jw pr q2 r
2 ` j “: ρjpr q,

pointwise for almost every r P r0, 1s and for each j ą 0. As we did in the proof of Theorem 2.16,

we minimise with respect to j ě 1, observing that

Bρjpr q
Bj “ 1´ C2

w

j2w pr q2 r
2 “ 0 ñ j “ Cw r

w pr q .

As before, we have two possible cases to consider.

• If r ě 1
Cw

w pr q, then Cw r
wprq ě 1 and so

ρjpr q ě ρ Cw r
wprq

pr q “ 2Cw

w pr q r @j ě 1.

• On the other hand, if r ă 1
Cw

w pr q, then Cw r
wprq ă 1 and so ρj does not attain a local minimiser

for j ě 1 as it is increasing in j . Hence,

ρjpr q ě ρ1pr q “ 1` C2
w

w pr q2 r
2 @j ě 1.
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We can write all of this succinctly as

ρjpr q ě ρ˚pr q :“
$
&
%
1` C2

w

wprq2 r
2, r ď wprq

Cw
,

2Cw

wprq r, r ě wprq
Cw

,
@j ě 1.

We conclude by observing that |rp1pr q| ď ρ˚pr q pointwise for almost every r P r0, 1s is sucient

for Ep ě 0.

Note that both Proposition 2.18 and Theorem 2.16 follow as direct corollaries from Proposition

2.19 and Theorem 2.20, respectively, with w pxq “ 1 and Cw “ j0. We also observe that we

can normalise the threshold function ρ˚ relative to the weight by writing ρ˚pr q “ µ
´

Cw r
wprq

¯
where

µ : Rě0 Ñ R is independent of the weight function and is given by

µptq “
$
&
%
1` t2, t ď 1,

2t, t ě 1.

As we did with the Poincaré inequality, we can use the pointwise sucient condition in Theorem

2.20 to derive a sucient condition in the mean.

Corollary 2.21. Let w : r0, 1s Ñ R and Cw P R be non-negative and picked such that (2.19) holds

for all admissible v . If p : B Ñ R is radially symmetric, then

∥w∇p∥8 ď 2Cw ñ Ep ě 0.

Proof. We rst observe that

d

dt

µptq
t

“
$
&
%
1´ 1

t2
, t ď 1,

0, t ě 1,

so t ÞÑ µptq
t is a continuous function that is strictly decreasing for t ď 1 and constant for t ě 1,

with a minimum of 2. Setting t “ Cw r
wprq , we nd that

w pr q
Cw r

µ

ˆ
Cw r

w pr q
˙

ě 2 @r P r0, 1s.

Using Theorem 2.20, we then have that a sucient condition for Ep ě 0 is

w pr q
Cw r

rp1pr q ď 2,

or, equivalently,

∥w∇p∥8 ď 2Cw .
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As we did in the case of the Poincaré inequality, we observe a doubling of the constant on the

right-hand side when we restrict to radially symmetric pressure. Furthermore, we can rescale the

constant Cw so that ∥w∥8 “ 1 and then we get another sucient condition for Ep ě 0, given by

∥∇p∥8 ď p1` δqCw ,

where we take δ “ 0 for the case of a general pressure function and δ “ 1 for the radially symmetric

case. Thus the mean condition is improved purely by picking w such that the constant Cw is larger.

If the pressure is not Lipschitz but is radially symmetric, the pointwise condition given in Theorem

2.20 may still apply.

Not every weight function will give rise to a valid weighted Sobolev inequality. Furthermore, we

can derive necessary conditions on the weight w for such an inequality to exist.

Lemma 2.22. For (2.19) and (2.20) to hold, we require that 1
w P L2pBq.

Proof. Consider the function ψϵ : r0, 1s Ñ R as given in the proof of Proposition 2.7 and again

take Φjpr q “ ψϵpr qI. We then have

ˆ 1

0

Φjpr q
2 r dr

w pr q2 “
ˆ ϵ

0

r3

ϵ2w pr q2 dr `
ˆ 1

ϵ

r

w pr q2 dr,

ˆ 1

0

Φ1
jpr q2

 r dr “
ˆ ϵ

0

2r

ϵ2
dr `

ˆ 1

ϵ

0 dr “ 1.

Using (2.20), we have
ˆ 1

0

Φjpr q
2 r dr

w pr q2 ď 1

C2
w

@ϵ ą 0.

In particular,
ˆ 1

ϵ

r dr

w pr q2 ď 1

C2
w

@ϵ ą 0.

We then apply the monotone convergence theorem [27, 3.3.3] to

fnpr q :“ r

w pr q2χr 1n ,1spr q,

to nd r
wprq2 P L1p0, 1q, so 1

w P L2pBq.

This rules out using w pr q “ r as a weight. This is quite unfortunate as this would be the ideal choice

of weight when working with the Fourier decomposed excess functional due to the appearance of

the 1
r

Φjpr q
2 and r

Φ1
jpr q


2
terms.
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2.3.3. Hardy Inequalities

We now consider one such example of a weighted Sobolev inequality, sometimes referred to as a

Hardy inequality [33], where the weight is given by w pr q “ r1´α for some α ą 0.

Lemma 2.23. Let α ą 0 and A be given as in Lemma 2.15. Then
ˆ 1

0

v pr q2r2α´1 dr ď 2F3

`
1
2 ,α; 1, 1, 1` α;´j20

˘

αj20J1pj0q2
ˆ 1

0

v 1pr q2 dr @v P A,

and the inequality is sharp.

Proof. We apply the same method as used in the proof of Lemma 2.15, constructing a constrained

class

Ā “
"
v P A :

ˆ 1

0

v pr q2r2α´1 dr “ 1

*
,

and nding stationary functions v of the augmented functional (with Lagrange multiplier λ) that

solve

r2v2pr q ` rv 1pr q ´ λr2αv pr q “ 0, v p0q “ v p1q “ 0. (2.21)

We apply a change of variables given by s “
?
λ
α rα and write ṽ psq “ v pr q, to obtain

s2ṽ 2psq ` sṽ 1psq ´ s2ṽ psq “ 0, ṽ p0q “ ṽ

˜?
λ

α

¸
“ 0.

This is a Bessel equation of degree 0 so we get non-trivial solutions when λ “ j20α
2 and they are

given by

ṽ psq “ AJ0psq ñ v pr q “ AJ0pj0rq,
for a constant A P R to be determined. We then calculate

1 “
ˆ 1

0

v pr q2r2α´1 dr “ A2

2α
2F3

ˆ
1

2
,α; 1, 1, 1` α;´j20

˙
,

and

C2
α “

ˆ 1

0

v 1pr q2r dr “ A2

2
j20J1pj0q2 “ αj20J1pj0q2

2F3

`
1
2 ,α; 1, 1, 1` α;´j20

˘ „ 2j0J1pj0q2α pα Ñ 0`q,

where 1
C2
α
is the optimal constant for the inequality on Ā and 2F3 p¨q is a hypergeometric function [2,

Chapter 2]. By the reasoning given in the proof of Lemma 2.15, the inequality also holds on A
and is sharp.

Note that we recover the weighted Poincaré inequality as seen in Lemma 2.15 by taking α “ 1. We

also observe that the optimal constant 1
Cα

diverges as α Ñ 0`, which agrees with the observations

of Proposition 2.7 and Lemma 2.22. Furthermore, in the case of α “ 0, there would be no non-

trivial solutions to (2.21). We can use these inequalities to construct new sucient conditions for

non-negativity of the excess functional.
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Theorem 2.24. Let p P W 1,1pB;R2q be radially symmetric and satisfy

rp1pr q ď

$
’’&
’’%

1` C2
αr

2α, r P
„
0, C

´ 1
α

α

ȷ
,

2Cαr
α r P

„
C
´ 1

α
α , 1

ȷ
,

a.e. r P r0, 1s

Then Ep ě 0.

Proof. This result follows as a direct corollary to Theorem 2.20 with w pr q “ r1´α and Cw “ Cα,

noting that

r ď Cw

w pr q ðñ r ď 1

Cα
α

,

r ě Cw

w pr q ðñ r ě 1

Cα
α

.

0 1
0

1

r

ρ
˚

α “ 0.4
α “ 0.8
α “ 1.6

Figure 2.5: Plot of the pointwise upper bound ρ˚ derived in Theorem 2.24 for various values of α.

As we did in the case of the weighted Poincaré inequality, we can also derive a sucient condition

in terms of the Lipschitz constant of the pressure function.

Corollary 2.25. If p P W 1,8pBq is radially symmetric and satises

∥∇p∥8 ď

$
’’’&
’’’%

1` C2
α, α P p0,α˚s,

2Cα, α P rα˚, 1s,
2α

p2α´1q2α´1C
1
α
α , α P r1,8q.

then Ep ě 0, where α˚ « 0.364 is the unique solution to Cα “ 1.
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Proof. We rst write the sucient condition as

p1pr q ď ρ˚pr q
r

,

so p1pr q ď inf
sPr0,1s

ρ˚psq
s

a.e. r P r0, 1s,

would also be sucient. Then

B
Br

ρ˚pr q
r

“

$
’’&
’’%

p2α´ 1qC2
αr

2α´2 ´ r´2, r P
„
0, C

´ 1
α

α

ȷ
,

p2α´ 2qCαr
α´2 r P

„
C
´ 1

α
α , 1

ȷ
.

We now split into cases based on whether α is smaller or larger than α˚ ă 1.

• If α ě 1 then a local minimum is attained at

r “
ˆ

1

2α´ 1

˙ 1
2α

C
´ 1

α
α P

ˆ
0, C

´ 1
α

α

ȷ
.

Thus,
ρ˚pr q
r

ě p2α´ 1q 1
2αC

´ 1
α

α ρ˚

˜ˆ
1

2α´ 1

˙ 1
2α

C
´ 1

α
α

¸
“ 2α

p2α´ 1q2α´1
C

1
α
α .

• If α ă 1, then ρ˚
r is decreasing on r0, 1s and

ρ˚pr q
r

ě ρ˚p1q
1

“
$
&
%
1` C2

α, α ď α˚,

2Cα, α ě α˚.

Overall, we have that

inf
rPr0,1s

ρ˚pr q
r

“

$
’’’&
’’’%

1` C2
α, α P p0,α˚s,

2Cα, α P rα˚, 1s,
2α

p2α´1q2α´1C
1
α
α , α P r1,8q.

We can then compare with the sucient condition we obtain for non-radially symmetric pressure

functions.

Proposition 2.26. Let p P W 1,1pBq satisfy
|x |1´α∇p

8 ď j0J1pj0q?αb
2F3

`
1
2 ,α; 1, 1, 1` α;´j20

˘ ,

for some α ą 0. Then Ep ě 0.
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Proof. This result also follows as a direct corollary to Theorem 2.20 with w pxq “ |x |1´α and

Cw “ Cα.

Whereas Proposition 2.18 applied only to Lipschitz pressure functions, Proposition 2.26 can be

applied to non-Lipschitz pressure functions (when 0 ă α ă 1) but fails to be applicable to logar-

ithmic pressure functions, such as ppxq “ log p|x |q. By contrast, Theorem 2.24 can still be applied

to logarithmic pressure functions, as we will see later.

2.3.4. The Critical Case

In the limit α Ñ 0` the Hardy inequality fails and so we do not have an inequality that can

compare r
Φ1

j


2
with 1

r

Φj

2 in the Fourier decomposed excess functional. However, there does

exist a critical version of the Hardy inequality [35] that replaces the case of α “ 0.

Lemma 2.27. Let α ą 0 and A be given as in Lemma 2.15. Then

ˆ 1

0

v pr q2 dr

rp1´ log prqq2 ď 4

ˆ 1

0

v 1pr q2 dr @v P A.

This inequality is, in some sense, the best inequality to bound the integrand in (2.17) below purely

in terms of the
Φj

2.

Theorem 2.28. Let p P W 1,1pB;R2q be radially symmetric and satisfy

rp1pr q ď 1` 1

4p1´ log prqq2 a.e. r P r0, 1s,

Then Ep ě 0.

Proof. We apply Theorem 2.20 with w pr q “ rp1 ´ log prqq and Cw “ 1
2 . Here we note that, for

r P r0, 1s, we have
w pr q
Cw

“ 2r p1´ log prqq ě 2r ě r,

so we need only consider the rst case for ρ˚.

Once again, we can derive a sucient condition in terms of the Lipschitz constant of the pressure

function.

Corollary 2.29. If p P W 1,8pBq is radially symmetric and satises

∥∇p∥8 ď 5

4

then Ep ě 0.
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Proof. We rewrite the sucient condition as

p1pr q ď inf
sPr0,1s

ρ˚psq
s

a.e. r P r0, 1s.

Since ρ˚prq
r is decreasing in r , we have

inf
rPr0,1s

ρ˚pr q
r

“ ρ˚p1q
1

“ 1` 1

4
“ 5

4
.

As we have done for the Poincaré and Hardy inequalities, we can also derive a weaker result for

non-radially symmetric pressure functions.

Proposition 2.30. Let p P W 1,1pBq satisfy

∥|x | p1´ log p|x |q∇p∥8 ď 1

2
.

Then Ep ě 0.

Proof. This follows as a direct application of Proposition 2.19 with w pxq “ |x | p1´ log p|x |qq and
Cw “ 1

2 .

Again, we see that the radial version gives improved sucient conditions over the non-radial version.

We also note that there exists another form of critical Hardy inequality [41], given by
ˆ

B

v pxq2 dx

|x |2
ď 4

ˆ

B

|∇v pxq|2 plog p|x |qq2 dx,

along with a corresponding radial version. However, this form of inequality is of no use in bounding

the excess using the techniques provided here due to the incorrect weight on the right-hand side.

2.4. Examples

We shall now use the results of this section to derive some concrete sucient conditions for

non-negativity of the excess functional when the pressure function takes certain forms.

2.4.1. Monomial Pressure Functions

Consider a radially symmetric pressure function p : B Ñ R2 of the form

pprq “ p0 ` p1r
σ σ ą 0.

We will start by using Theorem 2.16 to derive a sucient condition for Ep ě 0 in terms of the

value of p1.
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Proposition 2.31. Let p1 satisfy

|p1| ď
$
&
%
2jσ0 σ

´1´ σ
2 p2´ σq´1` σ

2 , σ P p0, 1s,
2j0 σ P r1,8q.

Then Ep ě 0.

Proof. We rst calculate
rp1pr q “ σ |p1| rσ,

so, by Theorem 2.16, the excess is non-negative if

σ |p1| ď

$
’&
’%
r´σ ` j20 r

2´σ, r P
”
0, 1

j0

ı
,

2j0r
1´σ r P

”
1
j0
, 1
ı
,

a.e. r P r0, 1s.

We then seek to minimise the right-hand side with respect to r .

• First consider r P
”
0, 1

j0

ı
. Then

d

dr

`
r´σ ` j20 r

2´σ
˘ “ ´σr´σ´1 ` j20 p2´ σqr1´σ “ r´σ´1

`
j20 p2´ σqr2 ´ σ

˘
.

Thus, if σ ď 1, we have a local minima at

r “
c

σ

j20 p2´ σq ñ r´σ ` j20 r
2´σ “ 2jσ0

2´ σ

ˆ
2´ σ

σ

˙ σ
2

.

However, if σ ě 1, r ÞÑ r´σ ` j20 r
2´σ is decreasing on

”
0, 1

j0

ı
and so the minimum occurs at

r “ 1

j0
ñ r´σ ` j20 r

2´σ “ 2jσ0 .

• Now we consider r P
”
1
j0
, 1
ı
. Here we have

d

dr

`
2j0r

1´σ
˘ “ 2j0p1´ σqr´σ.

Hence, r ÞÑ 2j0r
1´σ is increasing for σ ď 1 and so we have a minimum at

r “ 1

j0
ñ 2j0r

1´σ “ 2jσ0 ,

but decreasing for σ ě 1, where the minimum is at

r “ 1 ñ 2j0r
1´σ “ 2j0.
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Overall, we nd that the minimum of the right-hand side on r0, 1s is given by

$
&
%

2jσ0
2´σ

`
2´σ
σ

˘ σ
2 , σ P p0, 1s,

2j0, σ P r1,8q.

Dividing through by σ ą 0, gives us the sucient condition

|p1| ď
$
&
%
2jσ0 σ

´1´ σ
2 p2´ σq´1` σ

2 , σ P p0, 1s,
2j0 σ P r1,8q.

We can generalise this result by using Theorem 2.24 instead.

Proposition 2.32. Let p1 satisfy

σ |p1| ď
$
&
%

1
p1´ρq1´ρρρ

C´ρ
α , ρ P `

0, 12
‰
,

2C
´ 1

2
α , ρ P “

1
2 ,8

˘
,

ρ :“ σ

2α
,

for some α ą 0. Then Ep ě 0.

Proof. This time we use Theorem 2.16 to get the following sucient condition.

σ |p1| ď

$
’’&
’’%

r´σ ` 1
Cα

r2α´σ, r P
„
0, C

1
2α
α

ȷ
,

2?
Cα

rα´σ r P
„
C

1
2α
α , 1

ȷ
,

a.e. r P r0, 1s.

Again, we minimise the right-hand side with respect to r .

• First consider r P
„
0, C

1
2α
α

ȷ
. Then

d

dr

ˆ
r´σ ` 1

Cα
r2α´σ

˙
“ ´σr´σ´1` 1

Cα
p2α´σqr2α´σ´1 “ r´σ´1

ˆ
1

Cα
p2α´ σqr2α ´ σ

˙
.

Thus, if σ ď α, we have a local minimum at

r “
ˆ

σCα

2α´ σ

˙ 1
2α ñ r´σ ` 1

Cα
r2α´σ “ 2α

2α´ σ

ˆ
2α´ σ

σCα

˙ σ
2α “ 1

p1´ ρq1´ρρρ
C´ρ
α .

However, if σ ě α, r ÞÑ r´σ` 1
α r

2α´σ is decreasing on
„
0, C

1
2α
α

ȷ
and so the minimum occurs

at

r “ C
1
2α
α ñ r´σ ` 1

Cα
r2α´σ “ 2C

´ σ
2α

α “ 2C´ρ
α .
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• Now we consider r P
„
C

1
2α
α , 1

ȷ
. For this interval to be non-empty, we require that α ě α˚ so

Cα ď 1. We then have

d

dr

ˆ
2?
Cα

rα´σ

˙
“ 2?

Cα
pα´ σqrα´σ´1.

Hence, r ÞÑ 2?
Cα

rα´σ is increasing for σ ď α and so we have a minimum at

r “ C
1
2α
α ñ 2?

Cα
rα´σ “ 2C

´ σ
2α

α “ 2C´ρ
α ,

but decreasing for σ ě α, where the minimum is at

r “ 1 ñ 2?
Cα

rα´σ “ 2C
´ 1

2
α .

Note that, since α ě α˚, we have Cα ď 1 and so 2C
´ 1

2
α ď 2C´ρ

α for ρ ě 1
2 .

Hence, we nd that the minimum of the right-hand side on r0, 1s is given by

$
&
%

1
p1´ρq1´ρρρ

C´ρ
α , ρ P `

0, 12
‰
,

2C
´ 1

2
α , ρ P “

1
2 ,8

˘
.

It is then natural to wonder if we can pick an optimal α for a given σ. In other words, we wish to

maximise

Kσpαq “
$
&
%

1
p1´ρq1´ρρρ

C´ρ
α , ρ P `

0, 12
‰
,

2C
´ 1

2
α , ρ P “

1
2 ,8

˘
,

ρ :“ σ

2α
,

with respect to α ą 0. With some help form a computer algebra package, we can dierentiate K

to nd that K1
σpαq ą 0 for ρ ă 1

2 and K1
σpαq ă 0 for ρ ą 1

2 . Hence, we have a maximum at ρ “ 1
2

(i.e: α “ σq, where
Kσpσq “ 2?

Cσ
.

Thus,

|p1| ď 2

σ
?
Cσ

ñ Ep ě 0. (2.22)

For completeness, we shall also try using the critical version of the Hardy inequality as used in

Theorem 2.28.

Proposition 2.33. Let kpσq be the unique real root of the cubic polynomial

pσpxq “ 4σx3 ´ 12σx2 ` 13σx ´ 5σ ` 2.
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0 1 2
0

σ

|p
1
|

Figure 2.6: Plot of the optimal upper threshold for |p1| using Proposition 2.32.

Then, if p1 satises

|p1| ď
$
&
%

1
σekpσq

´
1` 1

4p1´kpσqq2
¯
, σ P `

0, 25
‰
,

5
4σ , σ P “

2
5 ,8

˘
,

(2.23)

we have Ep ě 0.

Proof. We use Theorem 2.28 to get the sucient condition

σ |p1| ď r´σ ` 1

4rσp1´ log prqq2 ,

and dierentiate the right-hand side to obtain

d

dr

ˆ
r´σ ` 1

4rσp1´ log prqq2
˙

“ 1

4rσ`1p1´ log prqq3 pσplog prqq.

Thus, if σ ď 2
5 , we get a local minimum at r “ ekpσq P p0, 1s, given by

r´σ ` 1

4rσp1´ log prqq2 “ e´kpσq
ˆ
1` 1

4p1´ kpσqq2
˙
.

However, if σ ě 2
5 , then r ÞÑ r´σ` 1

4rσp1´logprqq2 is decreasing on r0, 1s and so the minimum occurs

at r “ 1, where

r´σ ` 1

4rσp1´ log prqq2 “ 5

4
.

We note that, for suciently large σ ą 0, we get a better sucient condition (larger upper bound

for |p1|) by using Proposition 2.32 with an optimally chosen α as opposed to Proposition 2.33 (see

Figure 2.7).
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Figure 2.7: Plot comparing the upper threshold for |p1| using the optimal version of the Hardy

inequality (2.22) and the critical Hardy inequality (2.23) for varying σ ą 0.

2.4.2. Logarithmic Pressure Functions

We now consider a logarithmic pressure function p : B Ñ R, given by

pprq “ p0 ` p˚log prq .

We note that, regardless of whether we use Theorem 2.16, Theorem 2.24 or Theorem 2.28, we

get a sucient condition of the form

|p˚| ď ρpr q,
where ρ : r0, 1s Ñ R is a continuous increasing function with ρp0q “ 1. This gives the following

result.

Proposition 2.34. If |p˚| ď 1, then Ep ě 0.

Logarithmic pressure functions also serve as an example in which we must use the sucient con-

ditions for radially symmetric functions as opposed to those that allow non-radially symmetric

functions, which are not applicable to such low regularity pressure functions.

2.4.3. Linear Pressure Functions

We shall go over one example of a non-radially symmetric pressure, namely, a linear pressure

function of the form

ppxq “ λ ¨ x, λ P R2.

We can then try to nd conditions on λ P R2 to ensure Ep ě 0.

Proposition 2.35. If |λ| ď j0, then Ep ě 0.
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Proof. Since ∇p “ λ, we nd that ∥∇p∥8 “ |λ|. Then, using Proposition 2.18, we see that

∥∇p∥8 “ |λ| ď j0 is sucient for Ep ě 0.

This result can not be improved by using Proposition 2.26 instead of Proposition 2.18 since

|x |1´α∇p
8 “

$
&
%
|λ| , α ď 1,

8, α ą 1,

and α ÞÑ 1?
Cα

is decreasing on p0, 1s. Hence α “ 1 gives the best sucient condition using a Hardy

inequality. We also don’t get any improvement by Proposition 2.30 as ∥|x | p1´ log p|x |qq∇p∥8 “
|λ|, also occurring as x Ñ λ

|λ| , and so, by Proposition 2.30, we have

|λ| ď 1

2
ñ Ep ě 0,

and 1
2 ď j0.

2.5. Bounding the Dirichlet Energy in a Constrained Class

We now return to the task of minimising the Dirichlet energy D in the constrained class Au. We

will show that the techniques used to bound the excess functional Ep can also be applied directly

to the Dirichlet energy and the constraint to derive lower bounds for D on Au. In this section we

will focus on the example of u being the n-covering map.

u “ un :“ r?
n
er pnθq n P N.

This choice of un P H1pB;R2q satises

det∇unpxq “ 1 @x ‰ 0, (2.24)

and

Dpunq “ π

2

ˆ
n ` 1

n

˙
.

Proposition 2.36. Let v P Aun . Then

Dpv q “ π

4

ˆ 1

0

r
V 1

0pr q
2 dr ` π

2

ÿ

ją0

ˆ 1

0

r
V 1

j pr q
2 ` j2

r

Vjpr q
2 dr,

and
ÿ

ją0

j det Vjpr q “ r2 a.e. r P r0, 1s. (2.25)
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Proof. The derivation of Dpv q follows by using (2.3) similarly to the proof of Proposition 2.14. For

the constraint we integrate (2.24) over θ P r0, 2πq and Fourier decompose using (2.6). This gives

us
ˆ 2π

0

det∇v dx “ π
ÿ

ją0

j

r
pdet Vjpr qq1.

Hence, we nd that
ÿ

ją0

jpdet Vjpr qq1 “ 2r ñ
ÿ

ją0

j det Vjpr q “ r2,

for almost every r P r0, 1s. Here we use the boundary condition Vjp0q “ 0 for each j ą 0 to do the

integration.

We again discard information contained in the higher order modes of the constraint to avoid mode

mixing terms that would make calculations more cumbersome.

Lemma 2.37. Let λ P W 1,1pB,R`q be radially symmetric. If we dene

Djpλ; V q “ π

2

ˆ 1

0

r
V 1pr q2 ` j2 ´ jλpr q

r
|V pr q|2 dr,

Rpλq “ π

ˆ 1

0

rλpr q dr,

then

Dpv q ě 1

2
D0pλ; V0q `

ÿ

ją0

Djpλ; Vjq ` Rpλq @v P Aun .

Proof. We rst add and subtract jλprq
r

Vjpr q
2 in the integrand and then make use of Hadamard’s

inequality and the constraint (2.25).

Dpv q “ π

4

ˆ 1

0

r
V 1

0pr q
2 dr ` π

2

ÿ

ją0

ˆ 1

0

r
V 1

j pr q
2 ` j2 ´ jλpr q

r

Vjpr q
2 ` jλpr q

r

Vjpr q
2 dr

ě π

4

ˆ 1

0

r
V 1

0pr q
2 dr ` π

2

ÿ

ją0

ˆ 1

0

r
V 1

j pr q
2 ` j2 ´ jλpr q

r

Vjpr q
2 ` 2jλpr q

r
det Vjpr q dr

“ π

4

ˆ 1

0

r
V 1

0pr q
2 dr ` π

2

ÿ

ją0

ˆ 1

0

r
V 1

j pr q
2 ` j2 ´ jλpr q

r

Vjpr q
2 dr ` π

ˆ 1

0

rλpr q dr.

Our goal is to show that un minimises D in Aun so we shall compare DjpVjq with DjpUn
j q for each

j ě 0. Here

Un
j pr q “ δj,n

r?
n
I ñ Djpλ;Un

j q “ 0 @j ‰ n.
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This motivates the restriction of λ ď λ˚ where

λ˚pr q “

$
’&
’%
1` j20 r

2, r P
”
0, 1

j0

ı
,

2j0r, r P
”
1
j0
, 1
ı
,

so Djpλ; Vjq ě 0 “ Djpλ;Un
j q for every j ‰ n. The derivation of this inequality follows similarly to

that in the proof of Theorem 2.16 since we now have Vjp1q “ Ujp1q “ 0 for j ‰ n. We then have

the implication

Dnpλ; Vnq ` Rpλq ě π

2

ˆ
n ` 1

n

˙
ñ Dpv q ě Dpunq.

With this in mind, we now seek to minimise Dnpλ; Vnq ` Rpλq subject to the constraint λ ď λ˚.

Lemma 2.38. Let λ ď λ˚ be radially symmetric. If there exists a solution to the weak Euler-

Lagrange equation for Dnpλ; ¨q, then there is a minimiser of Dnpλ; ¨q in

Vn :“
"
V P W 1,1pr0, 1s,R2ˆ2q :

ˆ 1

0

1

r
|V pr q|2 dr ă 8,

ˆ 1

0

r
V 1pr q2 dr ă 8, V p1q “ 1?

n
I

*
.

Proof. We start by dening a space of variations

V0 :“
"
V P W 1,1pr0, 1s,R2ˆ2q :

ˆ 1

0

1

r
|V pr q|2 dr ă 8,

ˆ 1

0

r
V 1pr q2 dr ă 8, V p1q “ 0

*
,

and then perturb the energy to obtain

DnpV q “ DnpV ˚ `Φq “ DnpV ˚q ` 2xV ˚,Φyn `DnpΦq,

where the dependence on λ is implicit and Φ :“ V ´ V ˚ P V0 with V ˚ P Vn. The bilinear form

x¨, ¨yn is dened by

xA,Byn :“ π

2

ˆ 1

0

rA1pr q ¨ B1pr q ` n2 ´ nλpr q
r

Aprq ¨ Bpr q dr.

Now suppose V ˚ solves the weak Euler-Lagrange equation for Dn. Then, by approximating Φ P V0

by smooth functions, we observe that

xV ˚,Φyn “ 0 @Φ P V0.

Since λ ď λ˚, we know that DnpΦq ě 0 for all Φ P V0 (see proof of Theorem 2.16 for details).

Hence, we have

DnpV q “ DnpV ˚ `Φq “ DnpV ˚q ` 2xV ˚,Φyn `DnpΦq ě DnpV ˚q @V P Vn,

and so V ˚ minimises Dn in Vn.
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It now remains to solve the Euler-Lagrange equation for Dn. The Euler-Lagrange equation is given

by

r2V 2pr q ` rV 1pr q ´ pn2 ´ nλpr qqV pr q “ 0 V p0q “ 0, V p1q “ 1?
n
I. (2.26)

We must also consider the optimal λ to pick. To do this, we shall x V ˚ P Vn and consider the

Euler-Lagrange equation of Dnpλ; V ˚q ` Rpλq with respect to λ. We then obtain

n

r
|V ˚pr q|2 ´ 2r “ 0. (2.27)

We would like to show that V ˚ “ Un
n is the minimiser. Indeed, we see that V ˚ “ Un

n satises (2.27)

and solves (2.26) if

λpr q “ n ´ 1

n
a.e. r P r0, 1s.

This introduces the main limitation of this technique as

n ´ 1

n
ą 1 “ λ˚p0q ě λp0q @n ą 1.

Thus, with the exception of the identity map (n “ 1), we cannot use this method to show that

un minimises D in Aun . However, we can derive lower bounds for D in Aun that come close to the

desired minimisation result for small n. With this in mind, we now take

λpr q “ λnpr q :“ min

"
λ˚pr q, n ´ 1

n

*
r P r0, 1s,

so λ ď λ˚.

n “ 2 1
j0
n “ 3 n “ 4 n “ 5

n “ 2

n “ 3

n “ 4

n “ 5

n “ 6

r

λ˚

Figure 2.8: The threshold function λ˚ with dashed lines indicating where λ˚ “ n ´ 1
n for n “

2, 3, 4, 5, 6.

Theorem 2.39. Let Vn solve the Euler-Lagrange equation for Dnpλn; ¨q. Then

Dpv q ě Dnpλn; Vnq ` Rpλnq @v P Aun .
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Proof. This follows immediately from Lemmas 2.37 and 2.38.

As an example, we shall apply this theorem in the case of n “ 2. Here the Euler-Lagrange equation

for V2 is split into two parts, namely
$
’&
’%
r2V 2

2 pr q ` rV 1
2pr q ´ 2p1´ j20 r

2qV2pr q “ 0, r P
”
0, 1

j0
?
2

ı
,

r2V 2
2 pr q ` rV 1

2pr q ´ V2pr q “ 0, r P
”

1
j0
?
2
, 1
ı
,

with boundary conditions V2p0q “ 0 and V2p1q “ 1?
2
I. Under a change of variables s “ ?

2j0r ,

the rst part of the Euler-Lagrange equation becomes a Bessel equation of order
?
2, whereas the

second part is a Cauchy-Euler equation. Hence, we can nd a C1 solution given by V2pr q “ ν2pr qI,
where

ν2pr q “

$
’&
’%
AJ?2

`?
2j0r

˘
, r P

”
0, 1

j0
?
2

ı
,

B
`
r´1 ´ r

˘` r?
2
, r P

”
1

j0
?
2
, 1
ı
,

and

A « 0.707063, B « ´0.00561494.

These constants are obtained by numerically solving the continuity equation for ν2 and ν 12 at

r “ 1
j0
?
2
. We then calculate the lower bound in Theorem 2.39 to be

D2pλ2; V2q ` Rpλ2q « 3.91799 “ ρDpu2q, ρ « 0.997707,

bringing us within 0.223% of the desired minimisation result.





3
Unbounded Pressure Functions

We have now established sucient conditions for non-negativity of the excess functional that apply

to bounded or dierentiable pressure functions. However, the excess functional is dened for any

p P BMO and does not need to be bounded or dierentiable. In this chapter, we will explore new

methods for deriving sucient conditions for Ep ě 0 that can be applied to arbitrary p P BMO and

do not rely on boundedness or dierentiability. The key idea is to use the fact that det∇ϕ P H1, a

space that is dual to BMO [29, 38], for any ϕ P H1
0. Furthermore, there exists a constant Cδ ą 0

such that

∥det∇ϕ∥H1 ď 1

2
Cδ ∥∇ϕ∥22 . (3.1)

We can then use duality to bound the excess as

Eppϕq ě 1

2
∥∇ϕ∥22 ´ C˚ rpsBMO ¨ ∥det∇ϕ∥H1 ,

If we pick the norms for BMO and H1 according to the duality relation, then the constant is just

C˚ “ 1. However, we will allow for the choice of any equivalent norms, and thus pick up a constant

C˚ ą 0 that depends only on the domain. Then, using (3.1), we can bound the excess like so:

Eppϕq ě 1

2
∥∇ϕ∥22 ´

1

2
C˚Cδ rpsBMO ¨ ∥∇ϕ∥22 “ 1

2
p1´ C˚Cδ rpsBMOq ∥∇ϕ∥22 .

This gives a sucient condition for the non-negativity of the excess functional Ep in terms of the

seminorm rpsBMO.

Theorem 3.1. Let p P BMOpBq be such that rpsBMO ď 1
C˚Cδ

. Then

Eppϕq ě 0 @ϕ P H1
0pB;R2q.

It remains to compute the constants C˚ and Cδ to make this result explicit.

55
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3.1. Compensated Compactness

In this section, we will calculate an explicit value for the constant Cδ in (3.1). We shall start

by dening the Hardy space H1 using the so-called grand maximal function along with some key

properties. We will then move on to the calculation of the constant Cδ which arises from a div-curl

lemma.

3.1.1. Maximal Characterisation of Hardy Spaces

We shall start by giving a standard denition for the Hardy space H1 and an appropriate norm

[29, 38]. We rst dene a class of test functions T Ă C8 by

T :“ ␣
φ P C8pR2q : suppφ Ă B and ∥∇φ∥8 ď 1

(
.

For each φ P T and t ą 0, we dene the corresponding function φt P C8pR2q by

φtpxq “ 1

t2
φ
´x
t

¯
.

t “ 1

t ă 1

t ą 1

Figure 3.1: Plots of φt for varying t ą 0 and xed φ P T in one dimension.

Observe that suppφt Ă Bt and

∥∇φt∥8 “ t´3 ∥∇φ∥8 ď t´3.

This allows us to dene the grand maximal function which can be used to characterise Hardy

spaces.

Denition 3.2. Let f P L1
locpR2q. The grand maximal function of f is f ˚ : R2 Ñ r0,8q, dened

by

f ˚pxq “ sup
φPT

sup
tą0

|pf ˚ φtqpxq| .

We can now dene the Hardy space H1 in terms of the grand maximal function.
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Denition 3.3. We dene the space H1pR2q to be the set of all f P L1
locpR2q such that f ˚ P L1.

Furthermore, we dene a norm on H1 by

∥f ∥H1 “ ∥f ˚∥1 .

The Hardy space H1 has a number of key properties [29] that are frequently used in harmonic

analysis. One such property is its relation to L1.

Lemma 3.4. [29, 4.2.7] H1pR2q Ă L1pR2q with

∥f ∥1 ď ∥f ∥H1 .

Next, we note that the functions in H1 have vanishing mean.

Lemma 3.5. [29, 4.2.8] Let f P H1pR2q. Then
ˆ

R2

f pxq dx “ 0.

Conversely, it is worth noting that there exist functions in L1 with vanishing mean that are not in

H1. We also have a relationship between H1 and the Lp spaces.

Lemma 3.6. [29, 4.2.9] Let f P LppR2q for p P p1,8q be compactly supported with vanishing

mean. Then f P H1pR2q.

Again, if we consider the converse, there are functions in H1 which fail to be Lp for any p ą 1.

3.1.2. The Div-Curl Lemma

It is a common exercise in functional analysis to determine the regularity of a product of two

functions f ¨ g, given the regularity of f and g. This is often done via Hölder’s inequality.

∥f ¨ g∥1 ď ∥f ∥p ∥g∥q ,
1

p
` 1

q
“ 1. (3.2)

Recall that L1 sits strictly inside H1 and so replacing the L1 norm with the H1 norm in 3.2 would

give improved regularity. It turns out that this indeed holds under certain assumptions.

Theorem 3.7. [29, 4.2.12] Let f P LppR2,R2q be weakly divergence-free and g P LqpR2,R2q be
weakly curl-free for p, q P p1,8q such that 1

p ` 1
q “ 1. Then f ¨ g P H1pR2q with

∥f ¨ g∥H1 ď Cp,q
δ ∥f ∥p ∥g∥q ,

for some constant Cp,q
δ ą 0 depending on p and q.

To prove this theorem, we will need to make use of the Hardy-Littlewood maximal inequality [29].
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Denition 3.8. Let f P L1pR2q. The Hardy-Littlewood maximal function Mf : R2 Ñ r0,8q is

given by

pMf qpxq “ sup
rą0

 

Br pxq
|f py q| dy .

Lemma 3.9. Let f P LppR2q for p P p1,8q. Then

∥Mf ∥p ď Cp
HL ∥f ∥p ,

with a bound for the constant given by Cp
HL “ 2

´
25p
p´1

¯ 1
p
.

We now prove Theorem 3.7 following the standard method [16] but ensuring that we obtain an

explicit bound for the constant.

Proof of Theorem 3.7. First note that since g is weakly curl-free, we can write it as g “ ∇ξ for

some ξ P W 1,qpR2q. We start by considering an arbitrary φ P T and then let x P R2 and t ą 0.

For convenience, we shall make use of the notation

xξyxt :“
 

Btpxq
ξpy q dy .

We now consider the convolution φt ˚ pf ¨ gq “ φt ˚ pf ¨ ∇ξq. Making use of the fact that f is

weakly divergence-free, we can integrate by parts to get

|pφt ˚ pf ¨ gqqpxq| “


ˆ

Btpxq
1

t2
φ

ˆ
x ´ y

t

˙
pf py q ¨∇pξpy q ´ xξyxt qq dy



“


ˆ

Btpxq
1

t2
φ

ˆ
x ´ y

t

˙
div pf py qpξpy q ´ xξyxt qq dy



“


ˆ

Btpxq
1

t3
∇φ

ˆ
x ´ y

t

˙
¨ pf py qpξpy q ´ xξyxt qq dy



ď ∥∇φ∥8
t



ˆ

Btpxq
1

t2
pf py qpξpy q ´ xξyxt qq dy



ď 1

t



ˆ

Btpxq
1

t2
pf py qpξpy q ´ xξyxt qq dy

 .

Now let α P p1, pq and pick α1 such that 1
α ` 1

α1 “ 1. Then we can apply Hölder’s inequality to get

|pφt ˚ pf ¨ gqqpxq| ď 1

t

˜
 

Btpxq
|f py q|α dy

¸1{α˜
 

Btpxq
|ξpy q ´ xξyxt |α

1
dy

¸1{α1
|Btpxq|

t2

“ π

t

˜
 

Btpxq
|f py q|α dy

¸1{α˜
 

Btpxq
|ξpy q ´ xξyxt |α

1
dy

¸1{α1

,
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using the fact that |Btpxq| “ πt2. Now let β P p1, qq be such that 1
α ` 1

β “ 3
2 . Since α ą 1, we

know that β ă 2, and so we can apply the Gagliardo–Nirenberg–Sobolev inequality [5, 32]

˜
ˆ

Btpxq
|ξpy q ´ xξyxt |α

1
dy

¸1{α1

ď Cβ
GNS

˜
ˆ

Btpxq
|∇ξpy q|β dy

¸1{β
,

because
1

α1 “ 1´ 1

α
“ 1´

ˆ
3

2
´ 1

β

˙
“ 1

β
´ 1

2
.

The optimal constant Cβ
GNS for β ă 2 has been discussed in the literature [5]. We then have that

|pφt ˚ pf ¨ gqqpxq| ď π

t
|Btpxq|

1
β
´ 1

α1 Cβ
GNS

˜
 

Btpxq
|f py q|α dy

¸1{α˜
 

Btpxq
|gpy q|β dy

¸1{β

“ π3{2Cβ
GNS

˜
 

Btpxq
|f py q|α dy

¸1{α˜
 

Btpxq
|gpy q|β dy

¸1{β
.

Taking the supremum over all φ P T and t ą 0, we have

pf ¨ gq˚pxq ď π3{2Cβ
GNSMp|f |αqpxq1{αMp|g|βqpxq1{β.

Now we integrate and apply Hölder’s inequality, using 1
p ` 1

q “ 1.

∥f ¨ g∥H1 ď π3{2Cβ
GNS

ˆ
ˆ

R2

Mp|f |αqpxqp{α dx

˙1{p ˆˆ

R2

Mp|g|βqpxqq{β dx
˙1{q

“ π3{2Cβ
GNS

M
´
|f |α

¯
1{α
p{α ¨

M
´
|g|β

¯
1{β
q{β .

Then we can make use of the Hardy-Littlewood maximal inequality (Lemma 3.9) to get the estimate

∥f ¨ g∥H1 ď π3{2Cβ
GNS

´
C
p{α
HL

|f |α

p{α

¯1{αˆ
C
q{β
HL

|g|β

q{β

˙1{β

“ π3{2Cβ
GNS

´
C
p{α
HL

¯1{α ´
C
q{β
HL

¯1{β
∥f ∥p ∥g∥q .

The required constant is then given by

Cp,q
δ :“ inf

pα,βqPP
π3{2Cβ

GNS

´
C
p{α
HL

¯1{α ´
C
q{β
HL

¯1{β
,

with P “
!
pα,βq P p1, pq ˆ p1, qq : 1

α ` 1
β “ 3

2

)
.

We can immediately apply this to the Jacobian so that we can bound Ep.

Corollary 3.10. Let ϕ P H1pB;R2q. Then det∇ϕ P H1 with

∥det∇ϕ∥H1 ď 1

2
Cδ ∥∇ϕ∥22 .
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Proof. We write det∇ϕ “ 1
2∇ϕ ¨ cof∇ϕ and observe that ∇ϕ P W 1,2pB;R2q is weakly curl-free

and cof∇ϕ P W 1,2pB;R2q is weakly divergence-free. Hence,

∥det∇ϕ∥H1 ď 1

2
C2,2
δ ∥∇ϕ∥2 ¨ ∥cof∇ϕ∥2 “ 1

2
Cδ ∥∇ϕ∥22 ,

with Cδ :“ C2,2
δ .

By using numerical optimisation techniques, we can nd that the inmum for Cδ is given by

Cδ « 492.451

Figure 3.2: Left: Plot of π3{2Cβ
GNS

´
C
2{α
HL

¯1{α ´
C
2{β
HL

¯1{β
for varying α,β P p1, 2q with the curve

1
α ` 1

β “ 3
2 highlighted. Right: A plot of the same function along said curve, parametrised by

α P p1, 2q.

3.2. Hardy-BMO Duality

The other key ingredient in the proof of Theorem 3.1 is the duality between BMO andH1, which will

allow us to bound the Jacobian term in the excess functional using a Cauchy-Schwarz-like inequality.

In this section, we shall introduce functions of bounded mean oscillation and their properties, along

with atoms, in the context of Hardy spaces. We will then go over some fundamental results in

harmonic analysis, improving the existing proofs by calculating explicit constants for several bounds.

Finally, we will bring all of this together to derive an inequality for the product of BMO and H1

functions, providing a value for the constant C˚.

3.2.1. Bounded Mean Oscillation and Atoms

We shall start by dening the sharp maximal function, which will be used to characterise functions

of bounded mean oscillation.
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Denition 3.11. Let f P L1
locpR2q. The sharp maximal function f 7 : R2 Ñ R2 is given by

f 7pxq “ sup
BQx

 

B

|f py q ´ fB| dy ,

where the supremum is taken over all balls B containing x .

These sharp maximal functions are used to dene the seminorm for the space of BMO functions.

Denition 3.12. We dene the space BMOpR2q to be the set of all f P L1
locpR2q such that f 7 P L8.

Furthermore, we dene a seminorm in BMO by

rf sBMO “ f 7
8 .

We note that r¨sBMO is a seminorm but not a norm as rcsBMO “ 0 for all constants c P R. Despite
this, many authors will refer to r¨sBMO as a norm by working in a quotient space where functions

that dier by a constant are equivalent. For simplicity, we shall not use r¨sBMO as a norm. However,

we can still dene a norm on BMO, such as

∥f ∥BMO “ ∥f ∥1 ` rf sBMO .

We now revisit Hardy spaces to introduce the concept of atoms, which will play a key role in

showing the duality between H1 and BMO.

Denition 3.13. We say a P L1pR2q is a H1-atom if all the following hold:

supp a Ă B,

∥a∥8 ď 1

|B| ,
ˆ

R2

apxq dx “ 0,

for some ball B Ă R2.

We rst note that H1-atoms are themselves in H1.

Lemma 3.14. [29, 4.3.2] There exists a constant A ą 0 such that ∥a∥H1 ď A for all H1-atoms a.

We can also use H1-atoms to build functions in H1.

Lemma 3.15. [29, 4.3.3] Let pakqkPN be a sequence of H1-atoms and λ P ℓ1 be a sequence of real

numbers. Then f “ ř
kPN λkak is in H1. Furthermore, there exists a constant c ą 0, independent

of f , such that

∥f ∥H1 ď c ∥λ∥1 .

We will also show that the converse of this result holds, that is, that any function in H1 can be

decomposed into H1 atoms, with a similar bound in place. However, before doing this, we will need

to introduce some additional tools from harmonic analysis.
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3.2.2. Covering Lemma and Calderon-Zygmund Decomposition

In this section, we will derive explicit bounds for constants in several results in harmonic analysis.

Before we start, we will rst prove a variation of the triangle inequality for later use.

Lemma 3.16. Let A, B, C be subsets of R2 with A and B compact and C closed. Then

dpA,Cq ď dpA,Bq ` diamB ` dpB,Cq.

In particular, if A and B have non-empty intersection, then

dpA,Cq ď diamB ` dpB,Cq.

Proof. We rst need to show that there exists y P B and c P C such that dpy , cq “ dpB,Cq. We

show this by considering inmising sequences yn P B and cn P C such that

dpyn, cnq Ñ dpB,Cq.

Since B is compact, we can take a convergent subsequence ynk Ñ y and so we have

lim
kÑ8 d pynk , cnk q “ lim

kÑ8 d py , cnk q “ dpB,Cq,

using the continuity of d in each argument. Thus, cnk is a bounded sequence in a closed subset

C of R2, so it has a convergent subsequence cnkj Ñ c . We then use the continuity of d again to

establish

d
´
ynkj , cnkj

¯
Ñ dpy , cq “ dpB,Cq

Similarly, we can pick a P A and x P B such that dpa, xq “ dpA,Bq. We then dene

ℓ :“ dpa, cq ě dpA,Cq,
δ :“ dpx, y q ď diamB.

Then by the triangle inequality, we have

dpA,Cq ď dpa, cq ď dpa, xq ` dpx, y q ` dpy , cq ď dpA,Bq ` diamB ` dpB,Cq.

The second inequality follows from the fact that dpA,Bq “ 0 when AX B ‰ H.

Now we establish a covering lemma, often referred to as the Whitney decomposition, which will

later form the basis for the proof of a Calderon-Zygmund decomposition. This lemma has previously

been proven by Lamm [29] and Stein [38] but without a bound on the scale factor β.
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A B

C

a x

y

c

dpA,Bq

δ

dpB,Cq
ℓ

Figure 3.3: Diagram depicting the triangle inequality for subsets.

Lemma 3.17. Suppose F Ă R2 is closed and non-empty, and let Ω “ R2zF . There exists a

partition tQkukPN of Ω into cubes Qk satisfying

diamQk ď dpQk , F q ď 4 diamQk (3.3)

Moreover, if Qk̊ denotes the cube having the same centre as Qk but with side lengths scaled by

a factor of β P `
1, 43

˘
, then the collection tQk̊ukPN has the bounded intersection property and

satises
Ť

kPNQk̊ “ Ť
kPNQk .

Proof. For the construction of tQkukPN, refer to the proof of Lemma 4.3.4 given by Lamm [29].

As part of this proof, it is shown that neighbouring squares cannot be dierent in scale by more

than a factor of 4. We will use this observation to construct the densest possible arrangement of

squares and show that it is still possible to construct a rescaling of these squares with the bounded

intersection property.

Now consider an arbitrary square Q P tQkukPN. We then perform the following iterative procedure:

1. Around the outside of Q, form a layer of n1 “ 20 squares, each having a side length 1
4 of the

side length of Q.

2. Around the outside of the composite square, form a layer of n2 “ 100 squares, each having

a side length 1
42

of the side length of Q.

3. Repeat this process ad innitum.
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Q

Figure 3.4: Diagram showing the rst 3 layers formed around Q.

We calculate that the number of squares nL in the L-th layer is given by

nL`1 “ 42
ˆ
nL ´ 4

4
` 2

˙
` 4, n0 “ 0,

or, more explicitly,

nL “ 20

3

`
4L ´ 1

˘
, L P N0.

Hence, the total number of squares across all layers from 1 to L P N is given by

NL “
Lÿ

j“1

nj “ 20

9

`
4L`1 ´ 3L´ 4

˘
.

We then pick β such that scaling Q by a factor of β covers all layers up to L´ 1 and a proportion

ϵ P p0, 1q of the squares in layer L but also such that rescaling the squares in layer L`1 (or beyond)

does not intersect with the rescaled Q. In other words, we take

β “
L´1ÿ

j“0

1

4j
` ϵ

4L
,

but must have

β ď
Lÿ

j“0

1

4j
´ β

4L`1
.

The maximum ϵ for which this holds is

ϵ “ ϵL :“ 4

3
¨ 2

2L`1 ` 1

22L`2 ` 1
,
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Q L “ 1

L “ 2

¨ ¨ ¨ L´ 1
L

L` 1 ¨ ¨ ¨

Figure 3.5: Diagram (not to scale) depicting the right edge of Q along with a square from each

layer from 1 to L`1. The dotted line indicates the splitting of the square in layer L with proportions

ϵ and 1´ ϵ. The scaling β and the proportion ϵ are chosen such that the right edge of Q and the

left edge of the square in layer L ` 1 meet along the dotted line after they are both scaled by a

factor of β.

and the corresponding scaling factor is

β “ βL :“ 4

3
¨ 4

L`1 ´ 1

4L`1 ` 1
.

So far, we have shown that for each L P N, there exists a scale factor βL, such that the set

tQk̊ukPN, formed by rescaling the squares in tQkukPN by βL, has the bounded intersection property

(each square intersects no more than NL`1 other squares). It then follows that the same result

holds, provided that we take β ă supLPN βL “ 4
3 .

Finally, we note that the composite square formed is 4
3Q which sits inside Ω since dpQ,F q ě

diampQq. Using the same reasoning, we know that
Ť

kPNQk̊ Ă Ω “ Ť
kPNQk . It is also clear that

Ť
kPNQk Ă Ť

kPNQk̊ , so we have
Ť

kPNQk̊ “ Ť
kPNQk .

We can extend this lemma to obtain an additional estimate on tQk̊ukPN.

Corollary 3.18. Let tQkukPN, tQk̊ukPN be given as in Lemma 3.17 with scale factor β P `
1, 43

˘
.

Then ˆ
3

2β
´ 1

˙
diamQk̊ ď dpQk̊ , F q ď

ˆ
9

2β
´ 1

˙
diamQk̊ (3.4)

Proof. Consider an arbitrary Q P tQkukPN and its rescaled version Q˚. Using 3.3, we construct

the largest possible Ω´ and the smallest possible Ω`, so that we can guarantee Ω´ Ă Ω Ă Ω`.
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We then have

distpx,R2zΩ´q “ diamQ,

distpx,R2zΩ`q “ 4 diamQ,

for all x P BQ. Let δ :“ diamQ so δ˚ :“ diamQ˚ “ βδ.

Q

Q˚
Ω´

Ω`

δ
2

δ

3δ

Figure 3.6: Diagram showing the square Q, its rescaled version Q˚, and the regions Ω´ and Ω`,
which are constructed to bound Ω.

Now we calculate

dpQ˚, F q ě dpQ˚,R2zΩ´q “ δ ´ pβ ´ 1qδ
2
“

ˆ
3

2
´ β

˙
δ “

ˆ
3

2β
´ 1

˙
δ˚,

dpQ˚, F q ď dpQ˚,R2zΩ`q “ 4δ ´ pβ ´ 1qδ
2
“

ˆ
9

2
´ β

˙
δ “

ˆ
9

2β
´ 1

˙
δ˚.
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For future, reference, we shall label the constants that appear in this bound as follows:

κ1 :“ 3

2β
´ 1,

κ2 :“ 9

2β
´ 1.

Now we can use this covering lemma to prove a Calderon-Zygmund decomposition. Again, we

will follow the proofs given by Lamm [29] and Stein [38], taking additional care to ensure that the

constants can be bounded explicitly. The proof of the Calderon-Zygmund decomposition makes

repeated use of a technique [29, p. 47 and Lemma 4.2.8] to bound certain inner product terms

using the maximal function.

Lemma 3.19. Let f P H1pR2q. If φ P C8
c pR2q has support in Btpxq, then

|pf ,φq| ď p2tq3 ∥∇φ∥8 f ˚pzq @z P Btpxq.
Proof. Let z P Btpxq and dene a ψ P T by

ψpy q “ 1

2t ∥∇φ∥8
φ pz ´ 2ty q .

Hence, we nd that

pf ˚ ψ2tqpzq “ 1

p2tq2
ˆ

R2

f py qψ
ˆ
z ´ y

2t

˙
dy “ 1

p2tq3 ∥∇φ∥8

ˆ

R2

f py qφpy q dy ,

and so

|pf ,φq| ď p2tq3 ∥∇φ∥8 |pf ˚ ψ2tqpxq| ď p2tq3 ∥∇φ∥8 f ˚pzq.

We can now prove the Calderon-Zygmund decomposition, calculating explicit bounds for all the

required constants.

Theorem 3.20. Let f P H1pR2q and λ ą 0. Then there exists a decomposition f “ g ` b with

b “ ř8
k“1 bk , and a countable family of cubes tCkukPN such that:

1. For almost every x P R2 we have

|gpxq| ď c1λ.

2. Every function bk has support in Ck , zero mean and
ˆ

Ck

bk̊ pxq dx ď c2

ˆ

Ck

f ˚pxq dx.

3. The family of cubes tCkukPN has the bounded intersection property and, if we set Ω “
Ť

kPN Ck , we have

Ω “ tx P R2 : f ˚pxq ą λu.

Proof. Let f P H1pR2q and λ ą 0. We shall prove each part separately.



68 3.2. Hardy-BMO Duality

Proof of (3)

We rst set

Ω “ tx P R2 : f ˚pxq ą λu,
and note that Ω is open [29]. We then apply Lemma 3.17 to Ω to obtain a partition of Ω into cubes

tC1
kukPN. In particular, Lemma 3.17 allows us to pick constants α,β P R with 1 ă α ă β ă 4

3

such that, if C̃k , Ck denote the cubes having the same centres as C1
k but scaled by factors of α, β

(respectively), then Ω “ Ť
kPN Ck and the family tCkukPN has the bounded intersection property.

Proof of (1)

Next, we consider a positive at-top bump function ξ P C8
c

´“´ a
2 ,` a

2

‰2¯ with ξ “ 1 on
“´1

2 ,`1
2

‰2
,

so ∥∇ξ∥8 ď 2
α´1 . We then dene ξk P C8

c pC̃kq on each cube C̃k by taking

ξkpxq “ ξ

ˆ
x ´ ck
sk

˙
, x P C̃k ,

where ck is the centre of C1
k and sk is the side length of C1

k . Then we have ξk “ 1 on C1
k and

∥∇ξk∥8 ď 2
α´1 ¨ 1

sk
.

´α
2 ´1

2
1
2

α
2

1

x

ξ

Figure 3.7: Side-on view of an example of a at-top positive bump function ξ.

We then dene a partition of unity tηkukPN on C̃k by taking

ηkpxq “ ξkř8
j“1 ξj

P C8
c pC̃kq,

where the sum in the denominator is always nite due to the bounded intersection property of the

cubes tC̃kukPN. Furthermore, we have
ř8

j“1 ξj ě 1 since the C1
k partition Ω. We then calculate

s2k “ C1
k

 “
ˆ

C1
k

ηk dx ď
ˆ

Ck

ηk dx ď |Ck | “ β2s2k , (3.5)



3.2. Hardy-BMO Duality 69

and

∥∇ηk∥8 “



∇ξkř8
j“1 ξj

´ ξk
ř8

j“1∇ξj´ř8
j“1 ξj

¯2

8

ď ∥∇ξk∥8 ` ∥ξk∥8
8ÿ

j“1

∇ξj
8

ď 2

α´ 1
¨ 1

sk
` p1` NLq 2

α´ 1
¨ 1

sk

ď 2p2` NLq
pα´ 1qsk “:

c

sk
.

(3.6)

The upper bound for
ř8

j“1

∇ξj
8 is obtained by considering the worst case scenario as given in

the proof of Lemma 3.17, where we pick L such that α ď βL. Then 1`NL of the squares overlap,

and so no more than 1` NL of the ∇ξj are non-zero.

Next, we dene bk by

bkpxq :“ pf pxq ´ akqηkpxq, ak :“
´

Ck
ηkpxqf pxq dx

´

Ck
ηkpxq dx .

Thus, bk has support in Ck and zero mean on Ck . Then we dene g by

gpxq :“
$
&
%
f pxq, x R Ω,
ř8

k“1 akηkpxq, x P Ω.

We can write

ak “
ˆ

Ck

f η̂k dx “ pf , η̂kq, η̂k :“ ηk
´

Ck
ηk dx

,

and so

∥∇η̂k∥8 ď ∥∇ηk∥8
´

Ck
ηk dx

ď c

sk
¨ 1

s2k
“ c

s3k
,

using (3.5). Letting ρ “ p2κ2 ` 1q β?
2
, we observe that Ck Ă Bρsk pckq and Bρsk pckq XΩc ‰ H by

(3.4). Then we use Lemma 3.19 to estimate

|ak | “ |pf , η̂kq| ď p2ρskq3 ∥∇η̂k∥8 f ˚pzq ď p2ρq3cf ˚pzq “: c1f
˚pzq, @z P Bρsk pckq.

Thus, we have

|ak | ď c1f
˚pxq, @x P Ck Ă Bρsk pckq, (3.7)

|ak | ď c1f
˚pzq ď c1λ, @z P Bρsk pckq XΩc ‰ H. (3.8)
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We then obtain the bound for g as follows.

|gpxq| “ |f pxq| ď f ˚pxq ď λ ď c1λ, @x P Ω,

|gpxq| ď
8ÿ

k“1

|ak | ηkpxq ď c1λ

8ÿ

k“1

ηkpxq “ c1λ, @x R Ω.

C1
k

C̃k

Ck

Bρ0sk
pck q

Figure 3.8: Diagram depicting the squares C1
k , C̃k and Ck along with the ball Bρ0sk pckq.

Proof of (2)

We now x k P N and wish to bound bk̊ uniformly in k . We shall consider the cases of x P Ck and

x R Ck separately.

First, given an x P Ck and φ P T , we dene ϕt,φ by

ϕt,φpy q “ ηkpy qφtpx ´ y q, t ą 0.

Then we estimate

∇ϕt,φ

8 ď ∥∇ηk∥8 ¨ ∥φt∥8 ` ∥ηk∥8 ∥∇φt∥8

ď ∥∇ηk∥8
t2

` ∥∇φt∥8

ď c

skt2
` 1

t3
.
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Now we consider two possible cases:

• If 2t ď sk , then we have
∇ϕt,φ

8 ď `
c
2 ` 1

˘
t´3. Since ϕt,φ is smooth with support in

Btpxq, we can again use Lemma 3.19 to obtain

sup
φPT

sup
0ă2tăsk


ˆ

R2

ϕt,φpy qf py q dy
 ď sup

0ă2tăsk

p2tq3 ¨
´c
2
` 1

¯
t´3f ˚pzq “ 4pc ` 2qf ˚pzq,

for any z P Btpxq. In particular, this inequality holds for z “ x P Ck .

• If 2t ą sk , then we have
∇ϕt,φ

8 ď 4 pc ` 2q s´3
k . Since ϕt,φ is smooth with support in

Bρ0sk pxq, where ρ0 “ β?
2
, we can again use Lemma 3.19 to obtain

sup
φPT

sup
2tąsk


ˆ

R2

ϕt,φpy qf py q dy
 ď p2ρ0skq3 ¨ 4 pc ` 2q s´3

k f ˚pzq “ 4pc ` 2qp2ρ0q3f ˚pzq,

for any z P Bρ0sk pxq. In particular, this inequality holds for z “ x P Ck .

Hence, we have

pf ηkq˚pxq “ sup
φPT

sup
tą0


ˆ

R2

ϕt,φpy qf py q dy
 ď 4pc ` 2qp2ρ0q3f ˚pxq, (3.9)

since 2ρ0 “ β
?
2 ą 1. We also note that

ηk̊ pxq “ sup
φPT

sup
tą0


ˆ

R2

ϕt,φpy q dy
 ď sup

φPT
sup
tą0

ˆ

Btpxq
1

t2
dy “ π, (3.10)

and so

bk̊ pxq ď pf ηkq˚pxq ` |ak | ηk̊ pxq ď
`
4pc ` 2qp2ρ0q3 ` c1π

˘
f ˚pxq, (3.11)

using (3.7).

Now suppose x R Ck and again let φ P T . This time we dene ψt,φ by

ψt,φpy q “ ηkpy qpφtpx ´ y q ´ φtpx ´ ckqq, t ą 0.

Take t ě |x ´ ck | so the supports of ηk and y ÞÑ φtpx ´ y q intersect (see Figure 3.2.2.). Then,

using the mean value theorem, we estimate

ψt,φpy q
 ď |ηkpy q| ¨ ∥∇φt∥8 ¨ |y ´ ck | ď |y ´ ck |

t3
ď βsk

|x ´ ck |3
?
2
, (3.12)

for y P Ck and ψt,φpy q “ 0 for y R Ck . Again using the mean value theorem, we also have

∇ψt,φpy q
 ď |ηkpy q| ¨ |∇φtpx ´ y q| ` |∇ηkpy q| ¨ |φtpx ´ y q ´ φtpx ´ ckq|
ď 1

t3
` c

sk
¨ ∥∇φt∥8 ¨ |y ´ ck |

ď
?
2` βc

t3
?
2

,
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for y P Ck . Furthermore, since ψt,φ is smooth with support in Bρsk pckq, we can again use Lemma

3.19 with z P Bρsk pckq XΩc ‰ H to obtain

pψt,φ, f q
 ď p2ρskq3 ¨

ˆ?
2` βc

t3
?
2

˙
f ˚pzq ď p2ρskq3p

?
2` βcqλ?

2 |x ´ ck |3
. (3.13)

Ck

ck

Btpxq

x

bℓk

|x ´ ck |

Figure 3.9: Diagram showing the square Ck and the ball Btpxq, with x R Ck . Observe that the two

sets will intersect when t ě |x ´ ck |.

In order to bound bk̊ , we will estimate the following integrals:

I1pxq “
ˆ

R2

pφtpx ´ y q ´ φtpx ´ ckqqf py qηkpy q dy ,

I2pxq “
ˆ

R2

pφtpx ´ y q ´ φtpx ´ ckqqakηkpy q dy .

For I1, we have

|I1pxq| “
pψt,φ, f q

 ď p2ρskq3p
?
2` βcqλ?

2 |x ´ ck |3
,

using (3.13). For I2, we have

|I2pxq| ď |ak | ¨ |Ck | ¨
ψt,φ

8 ď c1pβskq3λ
|x ´ ck |3

?
2
,
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using (3.8) and (3.12). Hence,

bk̊ pxq ď sup
φPT

sup
tě|x´ck |

|I1 ´ I2| ď 1?
2

´
p2ρq3p?2` βcq ` c1β

3
¯ λs3k

|x ´ ck |3
. (3.14)

Note that we do not have to consider the case of t ă |x ´ ck | as here ψt,φ9 ηk and so I1 ´
I29

´

R2 bk dx “ 0.

Overall, we have

bk̊ pxq ď

$
’&
’%

`
4pc ` 2qpβ?2q3 ` c1π

˘
f ˚pxq, x P Ck ,

1?
2

`p2ρq3p?2` βcq ` c1β
3
˘ λs3k

|x´ck |3
, x R Ck ,

by (3.11) and (3.14). Now we estimate
ˆ

R2zCk

bk̊ pxq dx ď
ˆ

R2zCk

1?
2

´
p2ρq3p?2` βcq ` c1β

3
¯ λs3k

|x ´ ck |3
dx

ď
ˆ

R2zBβsk {
?
2pck q

1?
2

´
p2ρq3p?2` βcq ` c1β

3
¯ λs3k

|x ´ ck |3
dx

“ 1?
2

´
p2ρq3p?2` βcq ` c1β

3
¯ ˆ 2π

0

ˆ 8

βsk {
?
2

λs3k
r3

r dr dθ

“ 1?
2

´
p2ρq3p?2` βcq ` c1β

3
¯ˆ

2πλs3k

?
2

βsk

˙

“ 2π

β3

´
p2ρq3p?2` βcq ` c1β

3
¯
λpβskq2

“ 2π

β3

´
p2ρq3p?2` βcq ` c1β

3
¯
λ |Ck |

ď 2π

β3

´
p2ρq3p?2` βcq ` c1β

3
¯ ˆ

Ck

f ˚pxq dx,

and then
ˆ

R2

bk̊ pxq dx “
ˆ

Ck

bk̊ pxq dx `
ˆ

R2zCk

bk̊ pxq dx

ď
ˆ
4pc ` 2qpβ?2q3 ` c1π ` 2π

β3

´
p2ρq3p?2` βcq ` c1β

3
¯˙ ˆ

Ck

f ˚pxq dx “: c2

ˆ

Ck

f ˚pxq dx.

3.2.3. Duality via Atomic Decomposition

Next, we will show that functions in H1 can be decomposed using H1-atoms and that we can relate

this decomposition to the H1 norm. This is a fundamental result in Harmonic analysis with many

proofs given in the literature [29,38]. We will improve upon these results by giving a bound for the

constant that we will refer to as C˚.
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Theorem 3.21. Let f P H1pR2q. Then there exists a countable family takukPN of H1-atoms and

coecients tλkukPN Ă R, such that

f “
8ÿ

k“1

λkak ,

where the convergence of the sum is with respect to the H1 norm. Furthermore, we have

8ÿ

k“1

|λk | ď C˚ ∥f ∥H1 .

Proof. For each j P Z, we apply Theorem 3.20 to f P H1pR2q and λ “ 2j ą 0. We then get a

countable family of cubes tC j
kukPN in a set Ωj and a decomposition

f pxq “ gjpxq ` bjpxq “ gjpxq `
8ÿ

k“1

bjkpxq,

for each j P Z. By the denition of the Ωj , we observe that Ωj`1 Ă Ωj for every j P Z. Now we

estimate

f ´ gj

H1 “

bj

H1 ď

8ÿ

k“1

bjk

H1

ď c2

8ÿ

k“1

ˆ

Cj
k

f ˚pxq dx

ď c2p1` NLq
ˆ

Ωj

f ˚pxq dx

“ c2p1` NLq
ˆ

txPR2:f ˚pxqą2ju
f ˚pxq dx,

as no more than 1 ` NL squares overlap by the bounded intersection property of Ωj “ Ť
kPN C j

k .

Since f P H1pR2q, we know that f ˚ P L1pR2q, and so

lim
jÑ`8 gj “ f ,

in H1. By the rst property of Theorem 3.20, we have that
gjpxq ď c1 ¨ 2j , and so

lim
jÑ´8 gj “ 0,

in the sense of distributions. Thus, we can write

f “ lim
NÑ`8 gN ´ lim

NÑ´8 gN

“ lim
NÑ8

Nÿ

j“1

pgj`1 ´ gjq ` lim
NÑ8

0ÿ

j“´N

pgj`1 ´ gjq

“
ÿ

jPZ
pgj`1 ´ gjq,
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where the convergence is, again, in the sense of distributions. We also have

gj`1 ´ gj “ pf ´ bj`1q ´ pf ´ bjq “ bj ´ bj`1,

by (3.2.3.) so gj`1 ´ gj is supported in Ωj Ą Ωj`1 and

gj`1pxq ´ gjpxq ď gj`1pxq ` gjpxq ď c1 ¨ 2j`1 ` c1 ¨ 2j “ 3c1 ¨ 2j , @x P R2,

using the rst property of Theorem 3.20. Now, for each j P Z, we recall the partition of unity

ηjk P C8
c pC j

kq as given in the proof of Theorem 3.20. We can then write

f “
ÿ

jPZ

8ÿ

k“1

pgj`1 ´ gjqηjk .

Letting Bj
k “ B

ρ0s
j
k
pc jkq, we dene real numbers

λj,k :“ 3c1 ¨ 2j
Bj

k

 .

Also letting Aj,k “ pgj`1 ´ gjqηjk , we dene functions

aj,k :“ Aj,k

λj,k
,

so the support of Aj,k (hence, aj,k) lies in Bj
k Ą C j

k and

aj,k
8 ď

ηjk
8

λj,k

gj`1 ´ gj
8 ď 1Bj

k


.

We then have

f “
ÿ

jPZ

8ÿ

k“1

λj,kaj,k ,

and

ÿ

jPZ

8ÿ

k“1

λj,k

 ď 3c1
ÿ

jPZ
2j

8ÿ

k“1

Bj
k



“ 3c1
ÿ

jPZ
2j

8ÿ

k“1

πρ20ps jkq2

“ 3πc1ρ
2
0

ÿ

jPZ
2j

Ωj


“ 3πc1ρ
2
0

ÿ

jPZ
2j

tx P R2 : f ˚pxq ą 2ju

“ 3πc1ρ
2
0

ÿ

jPZ

˜
jÿ

k“´8
2k

¸
tx P R2 : 2j`1 ě f ˚pxq ą 2ju .



76 3.2. Hardy-BMO Duality

The nal line is due to the fact that every set of the form tx P R2 : 2j`1 ě f ˚pxq ą 2ju gets

counted multiple times in the sum, weighted by 2k for each integer k ď j . Continuing with the

calculation, we nd that

ÿ

jPZ

8ÿ

k“1

λj,k

 ď 3πc1ρ
2
0

ÿ

jPZ
2j`1

tx P R2 : 2j`1 ě f ˚pxq ą 2j


“ 6πc1ρ
2
0

ÿ

jPZ
2j

tx P R2 : 2j`1 ě f ˚pxq ą 2j


ď 6πc1ρ
2
0

ˆ

R2

f ˚pxq dx “ 6πc1ρ
2
0 ∥f ∥H1 .

If we additionally had
´

R2 aj,kpxq dx “ 0, then we would be done. However, this does not necessarily

hold, and so we will need to modify the decomposition. First, we dene

Ãj,kpxq :“ bjkpxq ´
8ÿ

ℓ“1

bj`1
ℓ pxqηjkpxq `

8ÿ

ℓ“1

cℓ,kη
j`1
ℓ pxq, cℓ,k :“

´

R2 b
j`1
ℓ pxqηjkpxq dx

´

R2 η
j`1
ℓ pxq dx .

Then, using the second property of Theorem 3.20, we calculate

ˆ

R2

Ãj,k dx “
ˆ

R2

bjk dx ´
8ÿ

ℓ“1

ˆ

R2

bj`1
ℓ ηjk dx `

8ÿ

ℓ“1

ˆ

R2

bj`1
ℓ ηjk dx “ 0,

and
8ÿ

k“1

cℓ,k “
´

R2 b
j`1
ℓ dx

´

R2 η
j`1
ℓ dx

“ 0,

so
8ÿ

k“1

Ãj,k “ bj ´ bj`1 “
8ÿ

k“1

Aj,k .

Thus, we have

f “
ÿ

jPZ

8ÿ

k“1

Ãj,k .

Next we observe that, for each ℓ P N, bℓ,k ‰ 0 requires that C j`1
ℓ X C j

k is non-empty, and so

supp Ãj,k Ă supp bjk Y
´
supp bj`1 X supp ηjk

¯
Y

¨
˚̋ ď

ℓPN:Cj
ℓXCj

k‰H
supp ηj`1

ℓ

˛
‹‚,

Ă C j
k Y

´
Ωj`1 X C j

k

¯
Y

¨
˚̋ ď

ℓPN:Cj
ℓXCj

k‰H
C j`1
ℓ

˛
‹‚,

Ă B̃j
k :“ B

ρ̃sjk
pc jkq, ρ̃ “

ˆ
1` 2

κ2

κ1

˙
β?
2
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The nal inclusion comes from studying the relative sizes of the C j
k and C j`1

ℓ using (3.4) and

Lemma 3.16. We have

κ1 diamC j`1
ℓ ď dpC j`1

ℓ , pΩj`1qcq ď dpC j`1
ℓ , pΩjqcq,

since Ωj Ą Ωj`1. Hence,

κ1 diamC j`1
ℓ ď diamC j

k ` dpC j
k , pΩjqcq ď κ2 diamC j

k ,

so s j`1
ℓ ď κ2

κ1
s jk . To obtain boundedness, we observe that ηjk is smooth with support in B̃j

k . Thus,

using Lemma 3.19, we have

|cℓ,k | ď
p2ρ̃s jkq3

∇ηjk

8C j`1
ℓ


pbj`1

ℓ q˚pzq ď p2ρ̃q3ps jkq2c
pβs j`1

ℓ q2 pbj`1
ℓ q˚pzq, @z P B̃j

k .

Now consider z P B̃j
k X pC j`1

ℓ qc ‰ H such that
z ´ c j`1

ℓ

 ě βκ2?
2κ1

s jk . We then have

|cℓ,k | ď p2ρ̃q3ps jkq2c
pβs j`1

ℓ q2 ¨ 1?
2

´
p2ρq3p?2` βcq ` c1β

3
¯ 2j`1ps j`1

ℓ q3
z ´ c j`1

ℓ


3

ď 2p2ρ̃q3c
β5

´
p2ρq3p?2` βcq ` c1β

3
¯ˆ

κ1

κ2

˙2

2j “: c̃ ¨ 2j ,

using (3.14).

Now we can estimate the Ãj,k . We rst write

Ãj,k “ pf ´ ajkqηjk ´
8ÿ

ℓ“1

pf ´ aj`1
ℓ qηj`1

ℓ ηjk `
8ÿ

ℓ“1

cℓ,kη
j`1
ℓ

“ f

˜
1´

8ÿ

ℓ“1

ηj`1
ℓ

¸
ηjk ´ ajkη

j
k `

8ÿ

ℓ“1

aj`1
ℓ ηj`1

ℓ ηjk `
8ÿ

ℓ“1

cℓ,kη
j`1
ℓ

“ f ηjkχpΩj`1qc ´ ajkη
j
k ` gj`1ηjkχΩj`1 `

8ÿ

ℓ“1

cℓ,kη
j`1
ℓ ,

and so Ãj,k

 ď 2j`1 ` c1 ¨ 2j ` c1 ¨ 2j`1 ` c̃ ¨ 2j “ p2` 3c1 ` c̃q “: C ¨ 2j ,
using (3.8) and the rst property of Theorem 3.20. Then we dene

ãj,k :“ Ãj,k

λ̃j,k

, λ̃j,k :“ C ¨ 2j
B̃j

k

 ,

and observe that:

• The ãj,k have support in B̃j
k .
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cjk

Cj
k

δ
2

cj`1
ℓ

Cj`1
ℓ

κ 2
κ 1

¨δ 2

B̃j
k

z

Figure 3.10: Diagram depicting an arrangement of C j
k and C j`1

ℓ with c jk and c j`1
ℓ maximally spaced.

Note that they still both t inside the ball B̃j
k and we can pick a point z P B̃j

k X pC j`1
ℓ qc such thatz ´ c j`1

ℓ

 ě κ2
κ1

¨ δ
2where δ “ diamC j

k (consider z near the corner of C j`1
ℓ ).

• They have zero mean.

• They are bounded with
ãj,k

 ď 1

|B̃j,k | .

• We have the decomposition

f “
ÿ

jPZ

8ÿ

k“1

λ̃j,k ãj,k .

Finally, we calculate

ÿ

jPZ

8ÿ

k“1

λ̃j,k

 “
ÿ

jPZ

8ÿ

k“1

C

3c1

ˆ
1` 2

κ2

κ1

˙2 λj,k

 ď 2πC

ˆ
1` 2

κ2

κ1

˙2

ρ20 ∥f ∥H1 .

Now that we have the atomic decomposition of H1 functions, showing the duality between BMO

and H1 is almost trivial.

Theorem 3.22. The space BMO is the dual space of H1 and, in particular,

ˆ

R2

f g dx

 ď C˚ ∥f ∥H1 ¨ rgsBMO @f P H1, g P BMO .
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Proof. We start by taking the atomic decomposition of f , writing f “ ř
k λkak . Then we calculate

ˆ

R2

f g dx “
ÿ

k

λk

ˆ

Bk

akpg ´ gBk
q dx,

where Bk is the ball in which ak has support. We then estimate

ˆ

R2

akpg ´ gBk
q dx

 ď
 

Bk

g ´ gBk

 dx ď rgsBMO .

Hence, 
ˆ

R2

f g dx

 ď
ÿ

k

|λk | ¨ rgsBMO ď C˚ ∥f ∥H1 ¨ rgsBMO .

Figure 3.11: Plot showing the value of C˚ for various values of Lα and Lβ.

The constant C˚ is entirely determined by the choice of α,β P `
1, 43

˘
in Theorem 3.20. Due to

the layered construction in Lemma 3.17, we pick α and β by specifying Lα, Lβ P N and taking

α “ βLα and β “ βLβ
. To ensure α ă β, we shall also take Lα ă Lβ. Trying dierent values for

Lα and Lβ, it becomes clear that taking lower values for Lα and Lβ allows us to obtain a smaller

C˚ (see gure 3.11). This is somewhat counter-intuitive and is likely due to a lack of optimality in

some of the estimates we have used.
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Instead, we consider only L “ 1 and take α “ β “ β1 “ 20
17 . We then obtain

C˚ “ 1797408

129044037529

´
4219775450749582585` 6067062115609586

?
2
¯
π « 1.85025ˆ 1014

It should be noted that this constant could most likely be reduced by improving the estimates used

in the duality proof and its dependencies. In particular, optimising the layout used in the proof of

Lemma 3.17 to reduce the growth rate of NL would lead to a much smaller value for C˚.

3.3. Examples

In this section, we apply Theorem 3.1 to some one parameter families of pressure functions. This

will allow us to derive some sucient conditions, given in terms of parameter bounds, for which

the excess will be non-negative. Now that we have estimated all the required constants, we can

write Theorem 3.1 as

rpsBMO ď C ñ Ep ě 0

with C « 1.09751ˆ 10´17.

3.3.1. Monomial Pressure Functions

We rst consider an example of a bounded pressure function p : B Ñ R, given by

ppxq “ |x |σ , x P B Ă R2,

for a constant σ ą 0. We then seek sucient conditions on λ for the excess Eλp to be non-

negative. We will take advantage of the additional regularity of p to bound rpsBMO. If σ ě 1, then

p P W 1,8 and we can estimate
 

B1
|ppxq ´ pB1 | dx “

 

B1
|ppxq ´ ppy q| dx

ď
 

B1
|∇ppξq| ¨ |x ´ y | dx

ď diampB1q ∥∇p|B1∥8 ď diampBq ∥∇p∥8 “ 2σ, @B1 Ă B,

using the mean-value theorem with y , ξ P B1. Hence,

rpsBMO ď 2σ, σ ě 1.

However, if σ ă 1, then p R W 1,8, but we still have p P L8. We instead estimate
 

B1
|ppxq ´ pB1 | dx ď

 

B1
|ppxq| ` |pB1 | dx

“
 

B1
|ppxq| dx `


 

B1
ppxq dx



ď
 

B1
|ppxq| dx `

 

B1
|ppxq| dx ď 2 ∥p|B1∥8 ď 2 ∥p∥8 “ 2,
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and so

rpsBMO ď 2, σ ą 0.

In this case, we can see that we get no improvement using theW 1,8 estimate. A sucient condition

for Eλp ě 0 is

λ ď λ˚ :“ C

rpsBMO

« 5.48753ˆ 10´18.

3.3.2. Logarithmic Pressure Functions

Now let p : B Ñ R be given by

ppxq “ log p|x |q x P B Ă R2.

We rst calculate pBr pxq for some ball Br pxq Ă B. However, due to radial symmetry, we need only

consider x “ te1 for t P r0, 1s. We also observe that

Br pte1q Ă B ðñ t ` r ď 1.

Then

pBr pte1q “
1

πr2

ˆ r

0

ˆ 2π

0

log
`
|te1 ` r̃ er pθ|

˘
r̃ dθ dr̃

“ 1

2πr2

ˆ r

0

ˆ 2π

0

log
`
t2 ` 2tr̃cos pθq ` r̃2

˘
r̃ dθ dr̃ .

We then take out a factor of t2 and change variables using s “ r̃
t to obtain

pBr pte1q “
t2

2πr2

ˆ r{t

0

ˆ 2π

0

log
`
1` 2scos pθq ` s2

˘
s dθ ds ` 1

2
log

`
t2
˘
.

We now consider the inner integral
ˆ 2π

0

log
`
1` 2scos pθq ` s2

˘
dθ “ Ipsq ` Ip´sq,

where

Ipsq :“
ˆ π

0

log
`
1` 2scos pθq ` s2

˘
dθ, s P R.

By substituting θ ÞÑ π ´ θ, we observe that Ipsq “ Ip´sq. We also have

Ipsq ` Ip´sq “
ˆ π

0

log
``
1` 2scos pθq ` s2

˘ `
1´ 2scos pθq ` s2

˘˘
dθ

“
ˆ π

0

log
`p1` s2q2 ´ p2scos pθqq2˘ dθ

“
ˆ π

0

log
`
1´ 2s2cos p2θq ` s4

˘
dθ

“ 1

2

ˆ 2π

0

log
`
1´ 2s2cos pθq ` s4

˘
dθ “ Ip´s2q ` Ips2q

2
,
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using the double-angle formula 2cos2 pθq “ 1` cos p2θq and a change of variables θ ÞÑ 2θ. Then,

since Ipsq “ Ip´sq, we have

Ipsq “ 1

2
Ips2q, @s P R.

Repeating this argument, we have

Ipsq “ 1

2n
I
`
s2

n˘
, @n P N0, @s P R.

Furthermore, we have Ip0q “ Ip1q “ 0 by direct calculation. It then follows that

Ipsq “ lim
nÑ8

1

2n
I
`
s2

n˘ “ 0, @s P p0, 1q,

and so Ipsq “ 0 for s P r0, 1s. If instead s ą 1, then 1
s P p0, 1q and so I

`
1
s

˘ “ 0. Thus,

0 “ I

ˆ
1

s

˙
“
ˆ π

0

log
ˆ
1` 2

s
cos pθq ` 1

s2

˙
dθ

“
ˆ π

0

log
`
1` 2scos pθq ` s2

˘´ log
`
s2
˘
dθ

“ Ipsq ´ 2πlog psq ñ Ipsq “ 2πlog psq , @s ą 1.

Hence, we have

Ipsq “
$
&
%
0, s P r0, 1s,
2πlog psq , s ą 1.

Then, using the fact that

pBr pte1q “
t2

πr2

ˆ r{t

0

Ipsqs ds ` log ptq ,

we nd that

pBr pte1q “
$
&
%
log ptq , r ď t,

log prq ` 1
2

´`
t
r

˘2 ´ 1
¯
, r ą t.

Note that the case of r ď t could also be obtained by using the mean-value property of harmonic

functions as ∆p “ 0 in this region.

To calculate rpsBMO we need to evaluate the integral
 

Br pte1q

ppxq ´ pBr pte1q
 dx “ 1

πr2

ˆ r

0

ˆ 2π

0

ppte1 ` r̃ er pθqq ´ pBr pte1q
 r̃ dθ dr̃ ,

in the region t ` r ď 1. We shall partition this region into two triangles,

T´ “ ␣pt, rq P R2 : t ` r ď 1, 0 ď r ď t
(
,

T` “ ␣pt, rq P R2 : t ` r ď 1, 0 ď t ă r
(
.

We then consider each region T˘ separately.
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• Let pt, rq P T´. Then
 

Br pte1q

ppxq ´ pBr pte1q
 dx “ 1

2πr2

ˆ r

0

ˆ 2π

0

log
ˆ
t2 ` 2tr̃cos pθq ` r̃2

t2

˙ r̃ dθ dr̃

“ 1

2πα2

ˆ α

0

ˆ 2π

0

log
`
1` 2scos pθq ` s2

˘ s dθ ds,

using the change of variables s “ r̃
t and dening α :“ r

t ď 1.

• Let pt, rq P T`. Then
 

Br pte1q

ppxq ´ pBr pte1q
 dx

“ 1

2πr2

ˆ r

0

ˆ 2π

0

log
ˆ
t2 ` 2tr̃cos pθq ` r̃2

t2

˙
` 2log

ˆ
t

r

˙
´

ˆ
t

r

˙2

` 1

 r̃ dθ dr̃

“ 1

2πα2

ˆ α

0

ˆ 2π

0

log
`
1` 2scos pθq ` s2

˘` log
`
α´2

˘´ α´2 ` 1
 s dθ ds,

using the same change of variables s “ r̃
t but now with α ą 1.

If we now dene h : r0,8q Ñ R by

hpzq “
$
&
%
0, z ď 1,

log
`
z´2

˘´ z´2 ` 1, z ą 1,

then we have

rpsBMO “ sup
αě0

1

2πα2

ˆ α

0

ˆ 2π

0

log
`
1` 2scos pθq ` s2

˘` hpαq s dθ ds.

The supremum is attained at α “ 1 (where t “ r and we are at the interface of T˘) and so

rpsBMO “ 1

2π

ˆ 1

0

ˆ 2π

0

log
`
1` 2scos pθq ` s2

˘ s dθ ds

“ 1

π

ˆ 1

0

ˆ π

0

log
`
1` 2scos pθq ` s2

˘ s dθ ds.

Now, let θ̄psq P r0,πs be the unique solution to cos
`
θ̄psq˘ “ ´ s

2 for s P r´2,`2s. We can then

write

rpsBMO “ 1

π

ˆ 1

0

ˆ θ̄psq

0

log
`
1` 2scos pθq ` s2

˘
s dθ ds

´ 1

π

ˆ 1

0

ˆ π

θ̄psq
log

`
1` 2scos pθq ` s2

˘
s dθ ds

“ 1

π

ˆ 1

0

sĨ1psq ´ sĨ2psq ds,
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Figure 3.12: Plot showing the required integral for varying values of the parameter α ě 0.

where

Ĩ1psq :“
ˆ θ̄psq

0

log
`
1` 2scos pθq ` s2

˘
dθ,

Ĩ2psq :“
ˆ π

θ̄psq
log

`
1` 2scos pθq ` s2

˘
dθ.

Integrating by parts, we nd that

rpsBMO “ 1

2π

“
s2Ĩ1psq ´ s2Ĩ2psq

‰1
0
´ 1

2π

ˆ 1

0

s2Ĩ 11psq ´ s2Ĩ 12psq ds.

Then, since

d

dθ

ˆ
log p2` 2cos pθqq θ ´ 2log

`
1` e iθ

˘`
ˆ
1

2
θ2 ` 2Li2

`´e iθ
˘˙

i

˙
“ log p2` 2cos pθqq ,

we have

Ĩ1p0q “ 0, Ĩ1p1q “`ι,

Ĩ2p0q “ 0, Ĩ2p1q “´ι,

where ι :“ 2ℑpLi2 pωqq ą 0 and ω “ e
πi
3 . Here Li2 p¨q denotes the dilogarithm [12]. The derivatives

are given by

Ĩ 11psq “
ˆ θ̄psq

0

2s ` 2cos pθq
1` 2scos pθq ` s2

dθ,

Ĩ 12psq “
ˆ π

θ̄psq
2s ` 2cos pθq

1` 2scos pθq ` s2
dθ.
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Note that, due to the denition of θ̄, the endpoint terms vanish. Focussing on Ĩ 11, we have

Ĩ 11psq “
1

s

ˆ θ̄psq

0

1` 2scos pθq ` s2 ` ps2 ´ 1q
1` 2scos pθq ` s2

dθ

“ θ̄psq
s

` 1

s

ˆ θ̄psq

0

s2 ´ 1

1` 2scos pθq ` s2
dθ

“ θ̄psq
s

` 1

s

ˆ

b
2`s
2´s

0

ps2 ´ 1qp1` t2q
p1` s2qp1` t2q ` 2sp1´ t2q

2

1` t2
dt

“ θ̄psq
s

` 2

s

ˆ

b
2`s
2´s

0

s2 ´ 1

ps ` 1q2 ` ps ´ 1q2t2 dt

“ θ̄psq
s

` 2

s

„
tan´1

ˆ
s ´ 1

s ` 1
t

˙ȷb 2`s
2´s

0

“ θ̄psq
s

` 2

s
tan´1

˜
s ´ 1

s ` 1

c
2` s

2´ s

¸
.

Similarly, we nd that

Ĩ 12psq “
π ´ θ̄psq

s
` 2

s

„
tan´1

ˆ
s ´ 1

s ` 1
tan

ˆ
θ

2

˙˙ȷπ´

θ̄psq
“ ´Ĩ 11psq,

for almost every s P r0, 1s. Now using the fact that

d

ds

˜
3

8
s
a

4´ s2 ` 1

2
s2tan´1

˜
s ´ 1

s ` 1

c
2` s

2´ s

¸
´ 3

2
tan´1

ˆ
s?

4´ s2

˙¸

“ tan´1

˜
s ´ 1

s ` 1

c
2` s

2´ s

¸
,

we calculate

rpsBMO “ ι

π
´ 1

π

ˆ 1

0

θ̄psqs ds ´ 2

π

ˆ 1

0

tan´1

˜
s ´ 1

s ` 1

c
2` s

2´ s

¸
s ds

“ ι

π
´ 1

π

ˆ?
3

4
` π

6

˙
´ 2

π

ˆ
3

8

?
3´ π

4

˙
“ ι´?

3

π
` 1

3
« 0.428136.

Thus, a sucient condition for Eλp ě 0 is

λ ď λ˚ :“ C

rpsBMO

« 2.56345ˆ 10´17.

3.3.3. Linear Pressure Functions

For an example of a non-radially symmetric pressure function, we shall return to the linear example,

given by

pλpxq “ λ ¨ x x P B Ă R2,
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with parameter λ P R2. Since this pressure function is harmonic everywhere, we can use the mean

value property to simplify calculation of rpλsBMO. We have

rpλsBMO “ sup
Br px0qĂB

 

Br px0q
|pλpxq ´ pλpx0q| dx

“ sup
Br px0qĂB

1

πr2

ˆ 2π

0

ˆ r

0

|λ ¨ px0 ` ρer pθqq ´ λ ¨ x0| ρ dρ dθ

“ sup
rPr0,1s

1

πr2

ˆ 2π

0

ˆ r

0

|λ ¨ er pθq| ρ2 dρ dθ

“ sup
rPr0,1s

r

3π

ˆ 2π

0

|λ| ¨ |sin pθ ` argλq| dθ

“ |λ|
3π

ˆ 2π

0

|sin pθq| dθ

“ 4

3π
|λ| ,

making use of the substitution θ ÞÑ θ ´ argλ. Hence, a sucient condition for Epλ ě 0 is

|λ| ď λ˚ :“ 3πC

4
« 2.58594ˆ 10´17.

3.3.4. Non-Dierentiable Pressure Functions

One of the main advantages of deriving sucient conditions for non-negative excess using Theorem

3.1, as opposed to other estimates, is that it can be applied to pressure functions without restrictions

on the derivative. As an extreme example, we consider the Weierstrass function [25]

Wa,bptq “
8ÿ

n“0

ancos pbnπtq , t P R,

with parameters a P p0, 1q and b P N odd satisfying

ab ą 1` 3π

2
.

We then dene a pressure function p : B Ñ R

ppxq “ Wa,bp|x |q, x P B Ă R2.

This pressure function is bounded but non-dierentiable almost everywhere in B [25], making it

impossible to apply estimates that require bounds on the weak derivative of p. However, we can

again use the L8 estimate

rpsBMO ď 2 ∥p∥8 “ 2

1´ a
.
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Necessary Conditions for a Non-Negative Excess

In the previous chapters, we have explored a variety of techniques for deriving sucient conditions

on the pressure function p so that Ep ě 0. In this chapter, we shall instead turn our attention to

deriving necessary conditions on p. This will gives us an idea of when excess functionals can be

used to solve constrained optimisation problems and when we must seek out other methods. To

obtain these necessary conditions we will consider Eppϕq for a specic ϕ, one that is inspired by

the sharpness of Hadamard’s inequality.

Proposition 4.1. There exists a partition B˘ of B such that

Ep ě 0 ñ

 

B`
p dx ´

 

B´
p dx

 ď 2.

Proof. Consider ϕ P H1
0pB;R2q such that∇ϕ P Op2q almost everywhere (we shall assume existence

of such a map for now). Then we dene

B˘ :“ tx P B : det∇ϕpxq “ ˘1u. (4.1)

Since ϕ ÞÑ det∇ϕ is a null Lagrangian, we observe that

0 “
ˆ

B

det∇ϕ|BB dx “
ˆ

B

det∇ϕ dx “
ˆ

B`
dx ´

ˆ

B´
dx “ B` ´ B´ ,

and so |B˘| “ 1
2 |B|. Now we calculate

Eppϕq “
ˆ

B

1` ppχB` ´ χB´q dx “ |B|
ˆ
1` 1

2

 

B`
p dx ´ 1

2

 

B´
p dx

˙
.

Thus, we require
 

B`
p dx ´

 

B´
p dx ě ´2.

Now we dene I˘ :“ diagp1,˘1q. Repeating these calculations but replacing ϕ with I´ϕ yields the

same results but with the roles of the B˘ interchanged. Hence, we obtain the necessary condition

given in the statement.

87
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This inequality has previously been used in the context of piecewise constant pressure functions [10].

We will later apply this technique to some one-parameter family of pressure functions as an example.

With this in mind, it will be useful to see how scaling the pressure function aects this condition.

Corollary 4.2. Let B˘ be as in Proposition 4.1. Let p : B Ñ R satisfy

κ :“

 

B`
p dx ´

 

B´
p dx

 .

Then

Eλp ě 0 ñ |λ| ď 2

κ
.

In the case when κ “ 0, the necessary condition is trivial.

Proof. Substituting p ÞÑ λp into the necessary condition in Proposition 4.1, we obtain

 

B`
λp dx ´

 

B´
λp dx

 ď 2 ðñ |λ| κ ď 2.

To proceed, we will need to establish the existence of a ϕ P H1
0pB;R2q satisfying ∇ϕ P Op2q as

used in the proof of Proposition 4.1.

4.1. Potential Wells and Partial Dierential Inclusions

To make use of Proposition 4.1, we require a ϕ solving the partial dierential inclusion

$
&
%
∇ϕpxq P Op2q, a.e. x P B,

ϕpxq “ 0, x P BB.
(4.2)

This PDI is a specic example of a more general PDI, namely, the problem of potential wells, given

by $
&
%
∇ϕpxq P Ťn

i“1 Ai SOp2q, a.e. x P Ω,

ϕpxq “ ϕ0pxq, x P BΩ.
(4.3)

where A1, . . . , An are 2 ˆ 2 matrices and the Ai SOp2q are referred to as wells. In (4.2), we have

just two wells, SO`p2q :“ SOp2q and SO´p2q :“ I´ SOp2q. The existence of solutions to (4.2)

has been established [18, 40] not just for the domain B Ă R2, but for any open domain Ω Ă Rn.

Theorem 4.3. [18, 7.28] Let ϕ0 : Ω̄ Ñ Rn be a piecewise C1 function satisfying

∥|∇ϕ0|2∥8 ă 1.
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Then there exists a dense set of solutions ϕ P W 1,8pΩ;Rnq to
$
&
%
∇ϕpxq P Op2q, a.e. x P Ω,

ϕpxq “ ϕ0pxq, x P BΩ.

Clearly ϕ0 ” 0 satises the requirements for this theorem and so we have the existence of solutions

to (4.2) even if we change the domain. The ability to solve on an arbitrary domain is of signicance

as it may be easier to construct an explicit solution on some domains when than others. If, for

example, we can construct a solution on a square domain Q “ r´2,`2s2, this will be enough to

derive a necessary condition for non-negativity of Ep.

Proposition 4.4. Let ϕ˚ : Q Ñ R2 solve

$
&
%
∇ϕ˚pxq P Op2q, a.e. x P Q,

ϕ˚pxq “ 0, x P BQ,
(4.4)

where Q :“ r´2,`2s2. Let tQiumi“1 be a collection of pairwise disjoint square subsets of B with

centres xi and side lengths ℓi , respectively and dene P : Q Ñ R by

Ppy q “
mÿ

i“1

p

ˆ
xi ` ℓi

4
y

˙
.

Then

Eppϕq ě 0 ñ

 

Q`
Ppy q dy ´

 

Q´
Ppy q dy

 ď 2m. (4.5)

Proof. We start by dening ϕ : B Ñ R2 by

ϕpxq “
mÿ

i“1

ϕ˚
ˆ
4

ℓi
px ´ xi q

˙
χQi

pxq.

Due to the boundary condition in (4.4), we conclude that ϕ is continuous. Then, using the PDI,

we have

Eppϕq “
mÿ

i“1

ˆ
4

ℓi

˙2 ˆ

Qi

1

2

∇ϕ˚
ˆ
4

ℓi
px ´ xi q

˙
2

` ppxq det∇ϕ˚
ˆ
4

ℓi
px ´ xiq

˙
dx

“
mÿ

i“1

ˆ

Q

1

2
|∇ϕ˚py q|2 ` p

ˆ
xi ` ℓi

4
y

˙
det∇ϕ˚py q dy

“
mÿ

i“1

ˆ

Q

1` p

ˆ
xi ` ℓi

4
y

˙
pχQ`py q ´ χQ´py qq dy

“ |Q|
ˆ
m ` 1

2

 

Q`
Ppy q dy ´ 1

2

 

Q´
Ppy q dy

˙
,
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with a change of variables given by y “ xi ` ℓi
4 on each of the Qi . Here we have used a similar

notation to that of (4.1), noting that |Q˘| “ 1
2 |Q| “ 8. Thus, we require that

 

Q`
Ppy q dy ´

 

Q´
Ppy q dy ě ´2m.

We can get the other side of inequality (4.5) by swapping ϕ˚ with I´ϕ˚ which interchanges the

role of Q` with Q´.

Note that the right-hand side of the necessary condition is proportional to m, which suggests that

we may get improvements in the bound by using fewer squares (small m). We can also derive an

analogous version of Corollary 4.2.

Corollary 4.5. Let Q˘ and P be as in Proposition 4.4 with P satisfying

κ :“

 

Q`
Ppy q dy ´

 

Q´
Ppy q dy

 ,

Then

Eλp ě 0 ñ |λ| ď 2m

κ

In the case when κ “ 0, the necessary condition is trivial.

Proof. The proof is almost identical to that of Corollary 4.2, the on;y dierence being that Pro-

position 4.4 is used instead of Proposition 4.1.

It remains to construct an explicit solution to (4.4).

4.2. Constructing Measure Preserving Maps

We now seek to construct an explicit solution ϕ˚ to (4.4). The case of a three dimensional square,

more generally any bounded set in R3, has already been covered [14] and so we shall try to adapt

this to work in two dimensions.

Theorem 4.6. [14, 3.1] Let Ω Ă R3 be an open, bounded domain. Then there exists a Lipschitz

continuous map ϕ : Ω Ñ R3, with Lipschitz constant one, such that
$
&
%
∇ϕpxq P R Ă SO`p3q Y SO´p3q, a.e. x P Ω,

ϕpxq “ 0, x P BΩ.

Given an x “ px1, x2q P R2, we dene the functions |Xi | pxq, |Xs | pxq to be the smallest and

largest values in p|x1| , |x2|q respectively. These are continuous functions that are invariant under

permutation and taking absolute values of the entries of x .
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Next, we dene the functions i , s : R2 Ñ t1, 2u to give the position of the smallest and largest

values in p|x1| , |x2|q respectively. Note that these functions are locally constant.

Now dene fk : R Ñ R (for k P Z) by taking f1 to be the 1-periodic extension of

t ÞÑ mintt, 1´ tu, t P r0, 1s,

and

fkptq “ 1

2k´1
f1
`
2k´1t

˘
.

We observe that these are all even continuous functions. We then dene a function ϕ1 : 1
2Q̄ Ñ R2

by

ϕ1
1pxq “ mintf1p|Xi | pxqq, f1p|Xs | pxqqu,

ϕ1
2pxq “

$
&
%
f2p|Xs | pxqq, |Xi | pxq ` |Xs | pxq ď 1,

f2p|Xi | pxqq, |Xi | pxq ` |Xs | pxq ě 1.

One can verify that ϕ1 is Lipschitz on 1
2Q. We now establish a key characteristic of ϕ1 that will

be needed for the construction.

Lemma 4.7. For all x1 P p´1,`1q, we have ϕ1px1, 1q “ ϕ1px1 mod 1, 1q.

Proof. Taking x “ px1, 1q with x1 P p´1,`1q, we have

|Xi | pxq, “ |x1| ,
|Xs | pxq, “ 1.

Thus we obtain

ϕ1
1px1, 1q “ mintf1p|x1|q, f1p1qu,

ϕ1
2px1, 1q “

$
&
%
f2p1q |x1| “ 0,

f2p|x1|q |x1| ą 0.

Now we use the that f1, f2 are non-negative, even and satisfy

f1p1q “ f2p1q “ 0.

Hence

ϕ1
1px1, 1q “ mintf1p|x1|q, 0u,

ϕ1
2px1, 1q “

$
&
%
0, |x1| “ 0,

f2p|x1|q, |x1| ą 0.
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Finally, we have

ϕ1
1px1, 1q “ 0,

ϕ1
2px1, 1q “ f2px1q.

Clearly ϕ1px1, 1q “ f2px1qe2 is 1-periodic (in fact 1
2 -periodic) in x1.

We also calculate

sup

"ϕ1
j pxq

 : x P 1

2
Q̄, j P t1, 2u

*
“ 1

2
,

and

∇ϕ1
1pxq “

$
&
%
` sgnpxipxqqeipxq,

xipxq
 ` xspxq

 ă 1,

´ sgnpxspxqqespxq,
xipxq

 ` xspxq
 ą 1,

∇ϕ1
2pxq “

$
&
%
f 12pxspxqqespxq,

xipxq
 ` xspxq

 ă 1,

f 12pxipxqqeipxq,
xipxq

 ` xspxq
 ą 1.

Since
f 12ptq

 “ 1 for t R 1
4Z, we have ∇ϕ1pxq P Op2q almost everywhere. We now dene the

function ψ : 1
4Q̄ Ñ R by

ψ1pxq “
$
&
%
f3p|Xs | pxqq, |Xi | pxq ` |Xs | pxq ď 1

2 ,

f3p|Xi | pxqq, |Xi | pxq ` |Xs | pxq ě 1
2 ,

ψ2pxq “ mintf2p|Xi | pxqq, f2p|Xs | pxqqu,

for x P Qs , and

ψ1pxq “
$
&
%
f3p|Xi | pxqq, |Xi | pxq ` |Xs | pxq ď 1

2 ,

f3p|Xs | pxqq, |Xi | pxq ` |Xs | pxq ě 1
2 ,

ψ2pxq “ maxtf2p|Xi | pxqq, f2p|Xs | pxqqu,

for x P Qi , where Qi , Qs are the sets for which x2 is the smallest and largest in absolute value in

tx1, x2u respectively.

Qi :“ tpx1, x2q : |x2| ď |x1|u,
Qs :“ tpx1, x2q : |x2| ě |x1|u.

(4.6)

Again, one can verify that ψ is Lipschitz on 1
4Q. Furthermore, ψ posses a number of other useful

properties.

Proposition 4.8. The function ψ has the following properties:
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1. ψpx1, x2q “ ψp|x1| , |x2|q.

2. ψpx1, x2q “ ψpx2, x1q.

Proof. This follows directly from the properties of |Xi | and |Xs |.

Now we calculate

sup

"ψjpxq
 : x P 1

4
Q̄, j P t1, 2u

*
“ 1

2
,

and

∇ψ1pxq “
$
&
%
f 13pxspxqqespxq,

xipxq
 ` xspxq

 ă 1
2 ,

f 13pxipxqqeipxq,
xipxq

 ` xspxq
 ą 1

2 ,

∇ψ2pxq “
$
&
%
f 12pxipxqqeipxq,

xipxq
 ` xspxq

 ă 1
2 ,

f 12pxspxqqespxq,
xipxq

 ` xspxq
 ą 1

2 ,

for x P Qs , and

∇ψ1pxq “
$
&
%
f 13pxipxqqeipxq

xipxq
 ` xspxq

 ă 1
2 ,

f 13pxspxqqespxq
xipxq

 ` xspxq
 ą 1

2 ,

∇ψ3pxq “
$
&
%
f 12pxspxqqespxq

xipxq
 ` xspxq

 ă 1
2 ,

f 12pxipxqqeipxq
xipxq

 ` xspxq
 ą 1

2 ,

for x P Qi , so ∇ψpxq P Op2q almost everywhere in 1
4Q̄. We will need to establish some relationships

between ϕ1 and ψ that will ensure the resulting construction is continuous.

Lemma 4.9. We have the following properties of ϕ1 and ψ:

1. ϕ1px1, 1q “ ψ
`
x1 mod 1´ 1

2 , 0
˘
.

2. For all ξ1 P “´1
2 ,`1

2

‰
, we have

ψr´1pξ1, 0q “ 2ψr

ˆ
1

2
ξ1 ` 1

4
,
1

2

˙
,

where the indices are taken modulo 2.

Proof. For the rst part, consider an arbitrary t. We then have

ψ1pt, 0q “
$
&
%
f3p|t|q, |t| ď 1

2 ,

f3p0q, |t| ě 1
2 ,

ψ2pt, 0q “ mintf2p0q, f2p|t|qu,
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for pt, 0q P Qs , and

ψ1pt, 0q “
$
&
%
f3p0q, |t| ď 1

2 ,

f3p|t|q, |t| ě 1
2 ,

ψ2pt, 0q “ maxtf2p0q, f2p|t|qu,

for pt, 0q P Qi . We also note that

f2p0q “ f3p0q “ 0.

Taking t “ x1 mod 1´ 1
2 P “´1

2 ,`1
2

‰
, then

pt, 0q P Q2
s ðñ t “ 0,

pt, 0q P Q2
i ðñ t ‰ 0,

and thus we obtain

ψ1pt, 0q “ f3ptq “ 0,

ψ2pt, 0q “ 0,

for t “ 0, and

ψ1pt, 0q “ 0,

ψ2pt, 0q “ f2ptq,

for t ‰ 0. This can be written more simply as just ψpt, 0q “ f2ptqe2. The proof then follows from

the fact that f2 is 1
2 -periodic and so

f2ptq “ f2px1q.
Moving on to (2), we have already determined that ψpξ1, 0q “ f2pξ1qe2, for any ξ1 P “´1

2 ,`1
2

‰
.

Also, for any x1 P “´1
2 ,`1

2

‰
, we have

ψ1

ˆ
x1,

1

2

˙
“

$
&
%
f3
`
1
2

˘
, |x1| “ 0,

f3p|x1|q, |x1| ě 0,

ψ2

ˆ
x1,

1

2

˙
“ min

"
f2p|x1|q, f2

ˆ
1

2

˙*
,

for
`
x1,

1
2

˘ P Qs , and

ψ1

ˆ
x1,

1

2

˙
“

$
&
%
f3p|x1|q, |x1| “ 0,

f3
`
1
2

˘
, |x1| ě 0,

ψ2

ˆ
x1,

1

2

˙
“ max

"
f2p|x1|q, f2

ˆ
1

2

˙*
,
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for
`
x1,

1
2

˘ P Qi . We simplify in a similar manner to the previous part and nd that ψ
`
x1,

1
2

˘ “
f3px1qe1. Now, taking x1 “ 1

2ξ1 ` 1
4 , we have

ψ1

ˆ
1

2
ξ1 ` 1

4
,
1

2

˙
“ f3

ˆ
1

2
ξ1 ` 1

4

˙
“ 1

2
f2pξ1q “ 1

2
ψ2pξ1, 0q

and ψ2

`
1
2ξ1 ` 1

4 ,
1
2

˘ “ 0 “ 1
2ψ1pξ1, 0q, completing the proof.

We now dene the layering function ℓ1 : Rˆ “´1
2 ,`1

2

‰ Ñ R2, by

ℓ1px1, x2q “ ψ

ˆ
x1 mod 1´ 1

2
, x2

˙
.

We immediately observe a symmetry of ℓ1.

Lemma 4.10. We have ℓ1px1, x2q “ ℓ1p|x1| , |x2|q.

Proof. This follows directly from the properties of ψ and the fact that
ˇ̌
ˇ̌x1 mod 1´ 1

2

ˇ̌
ˇ̌ “

ˇ̌
ˇ̌|x1| mod 1´ 1

2

ˇ̌
ˇ̌ .

More specically, we have

ℓ1px1, x2q “ ψ

ˆ
x1 mod 1´ 1

2
, x2

˙

“ ψ

ˆˇ̌
ˇ̌x1 mod 1´ 1

2

ˇ̌
ˇ̌ , |x2|

˙

“ ψ

ˆˇ̌
ˇ̌|x1| mod 1´ 1

2

ˇ̌
ˇ̌ , |x2|

˙

“ ψ

ˆ
|x1| mod 1´ 1

2
, |x2|

˙

“ ℓ1p|x1| , |x2|q.

Next, we dene ℓn : Rˆ “´ 1
2n ,` 1

2n

‰ Ñ R2, by

ℓnpx1, x2q “ 1

2n´1
ℓ1

`
2n´1x1, 2

n´1x2
˘

for each n P N. Then Lemma 4.10 extends to all the ℓn. We also obtain an important continuity

result for the ℓn.

Lemma 4.11. For each n P N, we have

ℓn`1
r´1px1, 0q “ ℓnr

ˆ
x1,

1

2n

˙
,

where the indices are taken modulo 2.
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Proof. We calculate

ℓn`1px1, 0q “ 1

2n
ℓ1p2nx1, 0q

“ 1

2n
ψ

ˆ
2nx1 mod 1´ 1

2
, 0

˙

“ 1

2n
T
ˆ
2ψ

ˆ
1

2

ˆ
2nx1 mod 1´ 1

2

˙
` 1

4
,
1

2

˙˙
,

using Lemma 4.9 (2). Here T denotes the linear operator corresponding to the permutation p1 2q,
that is,

T “
˜
0 1

1 0

¸
.

Then

ℓn`1px1, 0q “ T
ˆ

1

2n´1
ψ

ˆ
1

2
p2nx1 mod 1q , 1

2

˙˙

“ T
ˆ

1

2n´1
ψ

ˆ
2n´1x1 ´ 1

2
t2nx1u,

1

2

˙˙
,

Now, since

t ÞÑ ψ

ˆ
t,

1

2

˙
“ f3ptqe1

is 1
2 -periodic, we can conclude that

ℓn`1px1, 0q “ T
ˆ

1

2n´1
ℓ1

ˆ
2n´1x1,

1

2

˙˙

“ T ℓn
ˆ
x1,

1

2n

˙
.

We now dene the layers Ln, for each n P N, by

Ln “
#
px1, x2q :

n´2ÿ

k“0

1

2k
ď |x2| ď

n´1ÿ

k“0

1

2k
and |x1| ď |x2|

+

“ ␣px1, x2q : 2´ 22´n ď |x2| ď 2´ 21´n and |x1| ď |x2|
(
.

We have already dened ϕ1 on L1. We further dene ϕn on Ln by

ϕn
j px1, x2q “ ℓn´1

j´pn`1q

˜
x1, |x2| ´

n´2ÿ

k“0

1

2k

¸

for each n ě 2. The Ln only cover half the domain but we will be able to use some symmetry to

extend the construction to the rest of the domain.
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Proposition 4.12. We have the following property of ϕn:

ϕnpx1, x2q “ ϕnp|x1| , |x2|q.

Proof. If px1, x2q P Ln, then |x2| ´
řn´2

k“0
1
2k

ě 0 so

|x2| ´
n´2ÿ

k“0

1

2k
“

|x2| ´
n´2ÿ

k“0

1

2k

 .

The result then follows from Lemma 4.10.

We will need to establish continuity of the ϕn as we go from one layer to the next.

Lemma 4.13. We have continuity from ϕn´1 to ϕn, in the sense that

ϕn
j

˜
x1,

n´2ÿ

k“0

1

2k

¸
“ ϕn´1

j

˜
x1,

n´2ÿ

k“0

1

2k

¸
n ě 2.

Proof. We rst observe that

ϕn
j

˜
x1,

n´2ÿ

k“0

1

2k

¸
“ ℓn´1

j´pn`1q

˜
x1,

n´2ÿ

k“0

1

2k
´

n´2ÿ

k“0

1

2k

¸
“ ℓn´1

j´pn`1q px1, 0q

and

ϕn´1
j

˜
x1,

n´2ÿ

k“0

1

2k

¸
“ ℓn´2

j´n

ˆ
x1,

1

2n´2

˙
.

The proof then follows from making the substitution

n ÞÑ n ´ 2,

r ÞÑ j ´ n,

in Lemma 4.11.

We then extend each ϕn to the (square) annulus

An :“
#
x :

n´2ÿ

k“0

1

2k
ď |x |8 ď

n´1ÿ

k“0

1

2k

+

“ ␣
x : 2´ 22´n ď |x |8 ď 2´ 21´n

(
,

where |x |8 :“ mint|x1| , |x2|u, by setting

ϕnpxq “ ϕnp|Xi | pxq, |Xs | pxqq,

which will not break continuity. We also calculate

sup
!ϕn

j pxq
 : x P An

)
ď 1

2n´1
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To compute the gradient ∇ϕn at almost any point x “ x̄ (excluding the null set formed by the

boundaries joining the various pieces), we recall that there exists integers

ı̄ “ ipx̄q, s̄ “ spx̄q,

such that ϕnpxq “ ϕnpxı̄, xs̄q for all x in a neighbourhood of x̄ . We then calculate the gradient

with respect to pxı̄, xs̄q to be

∇ı̄,s̄ϕ
n
j pxı̄, xs̄q “ ∇ı̄,s̄ℓ

n´1
j´pn`1q

˜
xı̄, |xs̄ | ´

n´2ÿ

k“0

1

2k

¸

“ ∇ı̄,s̄
1

2n´2
ℓ1j´pn`1q

˜
2n´2xı̄, 2

n´2

˜
|xs̄ | ´

n´2ÿ

k“0

1

2k

¸¸

“ ∇ı̄,s̄
1

2n´2
ψj´pn`1q

˜
2n´2xı̄ mod 1, 2n´2

˜
|xs̄ | ´

n´2ÿ

k“0

1

2k

¸¸

“ ∇ı̄,s̄ψj´pn`1qpξı̄, ξs̄q ¨Σ

almost everywhere, by the chain rule. Here

pξı̄, ξs̄q “
˜
2n´2xı̄ mod 1, 2n´2

˜
|xs̄ | ´

n´2ÿ

k“0

1

2k

¸¸
, Σ “

˜
1 0

0 sgnpxs̄q

¸
.

Then there is a permutation matrix P (depending only on n) such that

∇ı̄,s̄ϕ
npxı̄, xs̄q “ ∇ı̄,s̄ψpξı̄, ξs̄q ¨ PΣ P Op2q.

Finally, we dene ϕ˚ : Q Ñ R2 by

ϕ˚pxq “
ÿ

nPN
ϕnpxqχAnpxq,

which is Lipschitz and satises all the desired properties.

Theorem 4.14. The map ϕ˚ solves 4.4.

Proof. We have already established that ϕ˚ satises the PDI. We have also shown that |ϕ| ď 1
2n´1

on An and so ϕpxq Ñ 0 as x Ñ BQ.

Due to the reduction in dimension from three to two, there are a number of simplications that

can be made in this construction that will make calculations easier. Firstly, an equivalent form for

ϕ1 : 1
2Q̄ Ñ R2 is given by

ϕ1
1pxq “ mintf1p|x1|q, f1p|x2|qu,

ϕ1
2pxq “

$
&
%
f2p|Xs | pxqq, |x |1 ď 1,

f2p|Xi | pxqq, |x |1 ě 1,
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where |x |1 :“ |x1| ` |x2|. For ψ : 1
4Q Ñ R, we have

ψ1pxq “
$
&
%
f3p|x2|q, |x |1 ď 1

2 ,

f3p|x1|q, |x |1 ě 1
2 ,

ψ2pxq “
$
&
%
mintf2p|x1|q, f2p|x2|qu, |x1| ď |x2| ,

maxtf2p|x1|q, f2p|x2|qu, |x1| ě |x2| .

We can expand the conditions for the pieces to get

ϕ1
1pxq “

$
&
%
f1p|x1|q, f1p|x1|q ď f1p|x2|q,
f1p|x2|q, f1p|x1|q ě f1p|x2|q,

ϕ1
2pxq “

$
&
%
f2p|x1|q, |x |1 ď 1 and |x1| ě |x2| or |x |1 ě 1 and |x1| ď |x2| ,

f2p|x2|q, |x |1 ď 1 and |x1| ď |x2| or |x |1 ě 1 and |x1| ě |x2| ,

ψ1pxq “
$
&
%
f3p|x1|q, |x |1 ě 1

2 ,

f3p|x2|q, |x |1 ď 1
2 ,

ψ2pxq “
$
&
%
f2p|x1|q, f2p|x1|q ď f2p|x2|q and |x1| ď |x2| or f2p|x1|q ě f2p|x1|q and |x1| ě |x2| ,

f2p|x2|q, f2p|x1|q ď f2p|x2|q and |x1| ě |x2| or f2p|x1|q ě f2p|x1|q and |x1| ď |x2| .

Focussing on the conditions in these piecewise expressions, one can verify the following equivalences

f1p|x1|q ď f1p|x2|q ðñ |x |1 ď 1 and |x1| ď |x2| or |x |1 ě 1 and |x1| ě |x2| ,
f1p|x1|q ě f1p|x2|q ðñ |x |1 ď 1 and |x1| ě |x2| or |x |1 ě 1 and |x1| ď |x2| ,

|x |1 ě 1

2
ðñ f2p|x2|q and |x1| ě |x2| or f2p|x1|q ě f2p|x1|q and |x1| ď |x2| ,

|x |1 ď 1

2
ðñ f2p|x2|q and |x1| ď |x2| or f2p|x1|q ě f2p|x1|q and |x1| ě |x2| .

Since the fk are all even functions, we can drop most of the absolute values and simplify as follows:

ϕ1pxq “
$
&
%
pf1px1q, f2px2qqT , |x |1 ď 1 and |x1| ď |x2| or |x |1 ě 1 and |x1| ě |x2| ,

pf1px2q, f2px1qqT , |x |1 ď 1 and |x1| ě |x2| or |x |1 ě 1 and |x1| ď |x2| ,

ψpxq “
$
&
%
pf3px1q, f2px2qqT , |x |1 ě 1

2 ,

pf3px2q, f2px1qqT , |x |1 ď 1
2 .
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If we now assume that x P L :“ Ť8
n“1 Ln, we can simply write

ϕ1pxq “
$
&
%
pf1px1q, f2px2qqT , |x |1 ď 1,

pf1px2q, f2px1qqT , |x1| ě 1,

ψpxq “
$
&
%
pf3px1q, f2px2qqT , |x |1 ě 1

2 ,

pf3px2q, f2px1qqT , |x |1 ď 1
2 .

We then calculate the gradients to be

∇ϕ1pxq “

$
’’’’’’’&
’’’’’’’%

¨
˝f 11px1q 0

0 f 12px2q

˛
‚, |x |1 ď 1,

¨
˝ 0 f 11px2q
f 12px1q 0

˛
‚, |x |1 ě 1,

∇ψpxq “

$
’’’’’’’&
’’’’’’’%

¨
˝f 13px1q 0

0 f 12px2q

˛
‚, |x |1 ě 1

2 ,

¨
˝ 0 f 13px2q
f 12px1q 0

˛
‚, |x |1 ď 1

2 .

Since
f 1k

 “ 1 almost everywhere, the gradients are all in Op2q almost everywhere, as expected.

Recall that ℓn : Rˆ “´ 1
2n ,` 1

2n

‰ Ñ R2 is dened by

ℓ1px1, x2q “ ψ

ˆ
x1 mod 1´ 1

2
, x2

˙

ℓnpx1, x2q “ 1

2n´1
ℓ1p2n´1x1, 2

n´1x2q

and so ϕn : Ln Ñ R2 (for n ą 1) is given by

ϕnpx1, x2q “ T n´1ℓn´1
`
x1, |x2| ´ 2` 22´n

˘
, T “

˜
0 1

1 0

¸
.

Then the gradients are given by

∇ℓnpx1, x2q “ ∇ℓ1p2n´1x1, 2
n´1x2q “ ∇ψ

ˆ
2n´1x1 mod 1´ 1

2
, 2n´1x2

˙

and

∇ϕnpx1, x2q “ T n´1∇ℓn´1
`
x1, |x2| ´ 2` 22´n

˘
˜
1 0

0 sgnpx2q

¸

“ T n´1∇ψ

ˆ
2n´2x1 mod 1´ 1

2
, 2n´2 |x2| ´ 2n´1 ` 1

˙˜
1 0

0 sgnpx2q

¸
.
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Hence,

det∇ϕ1px1, x2q “
$
&
%
`f 11px1qf 12px2q, |x |1 ď 1,

´f 12px1qf 11px2q, |x |1 ě 1,

det∇ϕnpx1, x2q “ p´1qn´1 sgnpx2q det∇ψ

ˆ
2n´2x1 mod 1´ 1

2
, 2n´2 |x2| ´ 2n´1 ` 1

˙

“
$
&
%
`p´1qn´1 sgnpx2qf 13py1qf 12py2q |y |1 ě 1

2 ,

´p´1qn´1 sgnpx2qf 12py1qf 13py2q |y |1 ď 1
2 ,

where

y pxq “
ˆ
2n´2x1 mod 1´ 1

2
, 2n´2 |x2| ´ 2n´1 ` 1

˙T

.

This allows us to calculate the Jacobian on L. To get the Jacobian on the rest of Q, we use

∇pϕ˚p|Xi | pxq, |Xs | pxqqq “

$
’’’’’’’&
’’’’’’’%

∇ϕ˚p|Xi | pxq, |Xs | pxqq ¨
¨
˝sgnpx1q 0

0 sgnpx2q

˛
‚, |x1| ď |x2| ,

∇ϕ˚p|Xi | pxq, |Xs | pxqq ¨
¨
˝ 0 sgnpx2q
sgnpx1q 0

˛
‚, |x1| ě |x2| ,

so

det∇ϕ˚pxq “
$
&
%
` det∇ϕnp|x1| , |x2|q ¨ sgnpx1q sgnpx2q, x P Ln,

´ det∇ϕnp|x2| , |x1|q ¨ sgnpx1q sgnpx2q, x P An ´ Ln.

Now that we have constructed one solution ϕ˚ to (4.4), we can also derive an innite family of

solutions to (4.4).

Proposition 4.15. Let ϕinn : Q Ñ Q satisfy
$
&
%
∇ϕinnpxq P Op2q, a.e. x P Q,

ϕinnpxq P BQ, x P BQ,

and ϕout : Q Ñ Q satisfy $
&
%
∇ϕoutpxq P Op2q, a.e. x P Q,

ϕoutp0q “ 0.

Then ϕ “ ϕout ˝ ϕ˚ ˝ ϕinn solves (4.4).

Proof. By the group properties of Op2q, we have

∇ϕpxq “ ∇ϕoutpϕ˚pϕinnpxqqq∇ϕ˚pϕinnpxqq∇ϕinnpxq P Op2q,
for almost every x P Q. If x P BQ, then ϕinnpxq P BQ and so

ϕpxq “ ϕoutpϕ˚pϕinnpxqqq “ ϕoutp0q “ 0.
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Figure 4.1: Plot of the solution ϕ˚ to (4.4) and its Jacobian det∇ϕ˚.

4.3. Numerical Results

Due to the arbitrarily frequent transitions between Q` and Q´ near the boundary, many numerical

integration techniques will struggle to evaluate the integrals needed to apply Corollary 4.5. Recall

that the necessary condition takes the form

Eλp ě 0 ñ |λ| ď 2m

κ
, κ :“


 

Q`
Ppy q dy ´

 

Q´
Ppy q dy

 .

One solution to this problem is to split Q into a core square Q0 “ Ťn
k“1Ak and a perimeter

(square) annulus Q̃ “ QzQ0, where we pick n P N suciently large. On Q̃, we bound the integral

term (4.5) required for the necessary condition using

 

Q`
P|Q̃py q dy ´

 

Q´
P|Q̃py q dy

 ď
2

|Q|

ˆ

Q̃

|Ppy q| dy ď 2

Q̃


|Q| ¨
P|Q̃

8 ď 2m

Q̃


|Q| ¨ ∥p∥8 ,

assuming that the pressure function is bounded. Then on Q0, we only have a nite number of

regions to integrate over, which can be handled by a computer algebra package. This will give an

error bound of

ϵ “ 2m
`
21´n ´ 2´2n

˘
∥p∥8 , (4.7)

from the true value of κ in Corollary 4.5. We can the consider the worst-case scenario, given by

κ “ maxtκ0 ´ ϵ, 0u,
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where κ0 is the value for κ on Q0. If we then have κ ą 0, we can apply Corollary 4.5 to get a

valid necessary condition of the parameter λ.

We shall now explore one specic example, namely, the one-parameter family of pressure functions

pλ “ λp with

ppxq “ |x | x P B.

For demonstration purposes, we will take n “ 64 and m “ 2 squares given by

Q1 “ r´0.5,`0.5s2 ` p0.1, 0.3qT, Q2 “ r´0.3,`0.3s2 ´ p0.3, 0.5qT.

Using the error bound given in (4.7), we approximate κ as

κ « 2.71951ˆ 10´5 ˘ 4.33681ˆ 10´19,

and so we get the necessary condition

Epλ ě 0 ñ λ ď 147075.





5
Conclusions and Outlook

Recall that our primary goal was to derive examples of mean Hadamard inequalities, that is, ex-

pressions of the form

Eppϕq :“
ˆ

B

1

2
|∇ϕ|2 ` p det∇ϕ dx ě 0 @ϕ P H1

0pB;R2q,

for some pressure function p P BMOpBq. In Chapter 2, we derived several general families of

pressure functions, taking the forms

tp P W 1,1pBq : ∥w∇p∥8 ď Cu,

and

tp P W 1,1pBq : w pr qppr q ď ρpr q and ppxq “ pp|x |qu,
that give rise to such inequalities. Particular care was taken to nd explicit bounds for the right-

hand sides C and ρ, for a given weight w . Furthermore, necessary conditions on w were derived

to ensure the choice of weight would be valid. We also considered some more specic examples

of forms the pressure could take, such as a monomial or a logarithmic function of |x | and derived

sucient conditions on the parameters of these forms of pressure to obtain a mean Hadamard

inequality. Some time was also taken to relate these results and techniques back to the problem

of minimising the Dirichlet energy in a Jacobian constrained class.

In Chapter 3, we considered the much more general case of a pressure function p P BMOpBq that
may not be dierentiable. Here, we used techniques in Harmonic Analysis such as compensated

compactness and BMO-H1 duality to nd an explicit bound for a constant C, such that

tp P BMOpBq : rpsBMO ď Cu

is a valid family of pressure functions for a mean Hadamard inequality. The obtained bound for

C was relatively large and could most likely be reduced by optimising some of the steps in the

derivation, such as the use of a covering lemma for a Calderon-Zygmund type decomposition.
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Finally, in Chapter 4, we explored the converse result, that is, pressure functions for which we do

not obtain a mean Hadamard inequality. We did this by focussing on a specic example of the

input map ϕ, that satised the PDI

$
&
%
∇ϕpxq P Op2q, a.e. x P B,

ϕpxq “ 0, x P BB.

We constructed an explicit example of a solution to this PDI on a square domain, making use of

previously established techniques, and then stitched multiple copies of this solution together to

obtain a solution on the ball B. By approximating the integral in the excess functional, we were

able to derive explicit examples of pressure functions for which the corresponding mean Hadam-

ard inequality does not hold. The method used here could be further optimised by constructing

additional solutions to the PDI and stitching them together in a more optimal way, which would

depend on the form of the pressure function in question.

We have focussed specically on the example of regularity and dimension both being two (n “
p “ 2) but mean Hadamard inequalities can exist in other dimensions. More generally, a mean

Hadamard inequality, takes the form

Eppϕq :“
ˆ

B

1

n
|∇ϕ|n ` p det∇ϕ dx ě 0 @ϕ P W 1,n

0 pB;Rnq.

The pre-factor of 1
n is just a convention inspired by the variational problem associated with the

p-Laplacian and can be omitted by rescaling p. The important observation here is that we are still

in the critical case of the Sobolev embedding (n “ p) and we have homogeneity in the integrand as

both terms are of degree n. Many of the results that we have derived can be generalised to higher

dimensions but, naturally, there will also be some challenges to doing this.

• The Euler-Lagrange equation associated with Ep becomes non-linear when n ą 2. This

introduces additional complexity when trying to use PDE theory to study this functional. In

relation to this, we also have that the cofactor operator is not linear on Rnˆn for n ą 2.

• When expanding the terms of Ep using Fourier series, not only will the terms be more

complicated due to the increase in dimension of the domain, but we will also have to deal

with integrals of products of more than two trigonometric functions. This will require more

generalised orthogonality relations to handle the calculations.

• The explicit bound for the scale factor in the covering lemma used would need to be gener-

alised to higher dimensions. This should be achievable through a counting argument. The

rest of results in Chapter 3 are independent of the domain geometry.
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• The construction in Chapter 4 came from simplifying a result in the literature to work in

two dimensions instead of three. This means that we could immediately generalise these

results to three dimensions but going beyond this would require the development of a more

generalised construction technique.

A further generalisation would be to consider completely dierent geometry for the domain, for

example, an annulus or a torus. This should be possible as we can make use of conformal mappings.

For a square domain, the equivalent results in Chapter 4 could be produced by simply skipping the

stitching step and using the constructed solution directly.

It is worth noting that the results presented here also contribute to the progression of certain topics

in elasticity theory. Through the derivation of mean Hadamard inequalities, we have constructed a

wide range of explicit examples of Jacobian constrained variational problems that arise in elasticity,

where Jacobian constraints describe incompressibility-like conditions for materials. Furthermore,

we have constructively shown the existence of minimisers to a family of polyconvex functionals (the

excess functional for various pressure functions), which are often arise as stored energy functionals.

It may be that the techniques used here could be adapted to other polyconvex functionals, providing

deeper insights into some of the open problems in the eld of elasticity.
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