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Scientific abstract

In this thesis, we will study a family of functionals, referred to as excess functionals, introduced by J
Bevan, M Kruzik and J Valdman [10] to derive so-called mean Hadamard inequalities, a functional
generalisation of the classical (pointwise) Hadamard inequality. In turn, these inequalities may be
used to construct examples of Jacobian constrained variational problems and minimisation problems
for functionals of a polyconvex integrand, that have explicit solutions. This is of particular relevance
in the field of elasticity [7], where these functionals describe the stored energy associated with the

deformation of a material and Jacobian constraints are a form of incompressibility condition.

The focus of the thesis will be primarily on developing explicit and constructive methods for deriving
examples and counter-examples of mean Hadamard inequalities. We will also describe how to use
these mean Hadamard inequalities to form Jacobian constrained classes in which the Dirichlet
energy has a global minimiser. In the cases where we can not show the existence of a minimiser,
we will show that the techniques used to bound the excess functional can also be used to bound the
Dirichlet energy on the constrained class. The results will mainly be for the case of a ball shaped

domain in two dimensions but can be generalised using conformal mappings.

Keywords: Calculus of Variations, constrained variational problems, elasticity, polyconvexity, mean

Hadamard inequality, partial differential inclusions.

AMS Classification Codes: 49J40, 49K10, 49K15, 49K20, 49K?24.






Acknowledgements

| would like to express my sincere gratitude to my supervisors, Dr. J. Bevan and Prof. J. Deane, for
their expert guidance and steadfast support throughout this journey. Their insights and mentorship
have been essential to the completion of this work. | am also grateful to my confirmation examiners,
Dr. J. Grant and Dr. B. Cheng, for their thoughtful feedback and constructive suggestions,
which have greatly enhanced this thesis. My thanks go to my colleagues and peers for their
valuable discussions and collaborative spirit, which enriched this research and made the process

more enjoyable.

To my wife, Chloe, your patience and unwavering belief in me have been a constant source of
strength. | am truly grateful for your support throughout this academic journey. | also wish to
thank my friends for their understanding, encouragement, and the much-needed breaks that made
this time more manageable and memorable. Finally, | extend my deepest appreciation to my family
for their ongoing love, support, and belief in my potential. Their sacrifices and encouragement

have been the foundation of everything | have achieved.






Declaration

This thesis and the work to which it refers are the results of my own efforts. Any ideas, data,
images or text resulting from the work of others (whether published or unpublished, and including
any content generated by a deep learning/artificial intelligence tool) are fully identified as such
within the work and attributed to their originator in the text, bibliography or in footnotes. This
thesis has not been submitted in whole or in part for any other academic degree or professional
qualification. | agree that the University has the right to submit my work to the plagiarism detec-
tion service TurnitinUK for originality checks. Whether or not drafts have been so assessed, the
University reserves the right to require an electronic version of the final document (as submitted)

for assessment as above.






For my father Andy






Contents

1. Introduction . . . . . L 1
1.1. Mean Hadamard Inequalities . . . . . . . . . . . . . ... ... ... .. 1
1.2. Constrained Variational Problems and Excess Functionals . . . . . .. .. .. ... 3
1.3. Convexity and the Direct Method . . . . . . . . . .. . . ... .. .. ... .... 8

2. Differentiable Pressure Functions . . . . . . . . .. .. ..o 11
2.1. Fourier Series . . . . . . e 11
2.2. Existence of Admissible Maps . . . . . . . .. 18

2.2.1. Monomial Pressure Functions . . . . . . . . ... ... ... 20
2.2.2. Logarithmic Pressure Functions . . . . . . . . . . . . ... 23
2.2.3. Frobenius Series Solutions . . . . . . ..o 25
2.2.4. Linear Pressure Functions . . . . . . . . .. ..o 27
2.3. Sufficient Conditions . . . . . . . .. 29
2.3.1. Poincaré Inequalities . . . . . . . . . . 30
2.3.2. Weighted Sobolev Inequalities. . . . . . . . . . . .. ... 35
2.3.3. Hardy Inequalities . . . . . . . . . . . 39
2.3.4. The Critical Case . . . . . . . . . . oo 42
2.4, Examples . . .. 43
2.4.1. Monomial Pressure Functions . . . . . . . . .. ... ... L. 43
2.4.2. Logarithmic Pressure Functions . . . . . . . . . . . ... ... ... ..... 48
2.4.3. Linear Pressure Functions . . . . . . . . . . ... 48
2.5. Bounding the Dirichlet Energy in a Constrained Class . . . . . . .. .. ... .. .. 49

3. Unbounded Pressure Functions . . . . . . . . . ... Lo 55

3.1. Compensated Compactness . . . . . . . . . . . . ... 56
3.1.1. Maximal Characterisation of Hardy Spaces . . . . . . . .. ... .. .. ... 56
3.1.2. The Div-Curl Lemma . . . . . . . . .. 57

3.2. Hardy-BMO Duality . . . . . . . . . 60
3.2.1. Bounded Mean Oscillation and Atoms . . . . . . . .. .. ... ... ..., 60
3.2.2. Covering Lemma and Calderon-Zygmund Decomposition . . . . . . . . . .. 62
3.2.3. Duality via Atomic Decomposition . . . . . . .. .. ... L. 73

3.3. Examples . . .o 80
3.3.1. Monomial Pressure Functions . . . . . . . . .. ... . ... ... 80
3.3.2. Logarithmic Pressure Functions . . . . . . . . . . . .. ... ... .. .... 81
3.3.3. Linear Pressure Functions . . . . . . . . . . ... 85
3.3.4. Non-Differentiable Pressure Functions . . . . . . . . ... . ... ... ... 86



4. Necessary Conditions for a Non-Negative Excess

4.1. Potential Wells and Partial Differential Inclusions . . . . . . . . . . . . . . .. ...

4.2. Constructing Measure Preserving Maps . .
4.3. Numerical Results . . . . . . . . . . .. ..
5. Conclusions and Outlook . . . . . . . .. ...

References . . . . . . . . . . .. ... ... ..










Introduction

We start by reviewing Hadamard's pointwise inequality and generalising it to a functional inequality.
This will motivate the definition of the excess functional, which will be the primary focus of this
thesis. We will then further motivate the study of this functional as a tool for investigating certain
forms of constrained minimisation problems in the Calculus of Variations and, in particular, non-
linear elasticity. We will also review the various notions of convexity and the role they play in
establishing the existence of minimisers in variational problems. The excess functional will serve as
an example of a functional that is not covered by existing results that use the Direct Method, for

example, but for which we can show the existence of minimisers through other methods.

1.1. Mean Hadamard Inequalities

Hadamard's inequality [23,37] is a two-sided inequality that bounds the determinant of a matrix in

terms of its Frobenius norm,
1
[det M| < 5 |M|? VM e R2*2, (1.1)

This inequality is sharp, with equality attained on one side by taking M € CO*(2), the space of
conformal matrices, and on the other by taking M € CO™(2), the space of anti-conformal matrices,
given by

CO*(2) := {X e R¥?: cof X = £X}.
Inequality (1.1 generalises to n dimensions, with the constant % on the right-hand side being
replaced with n~2 but we will stick to n = 2 dimensions. This inequality can be shown to be a

consequence of the arithmetic-geometric mean inequality applied to the squares of the singular
values [30, 39].

If we replace the constant matrix M with the gradient of a map ¢ € H'(B;R?) and integrate over
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the unit ball B = R?, this inequality can be written as
1
/B§ [V(x)]? + det Vo(x) dx = 0 Yo e HY(B;R?).

We could of course pick a different domain in R?, but we will focus mainly on the case of a ball
for simplicity. A natural question would then be whether the coefficient of det Vo is still optimal

in this new, mean inequality. More precisely, we ask for which functions p : B — R do we have
1
Ep(p) 1= / 5 IV (x))? + p(x) det Vio(x) dx = 0 Vo e Hy(B;R?). (1.2)
B

We shall refer to the functional E, as the excess functional and the parameter function p as
the pressure function, for reasons that will soon become clear. The justification of the vanishing
Dirichlet boundary condition shall also be deferred for now. We will refer to an inequality of the
form (1.2) as a mean Hadamard inequality. Using (1.1), we immediately find a class of pressure
functions for which (1.2) holds.

Corollary 1.1. Let pe L*(B) satisfy ||p —pll,, < 1. ThenE, > 0.

Proof. We shall exploit the fact that ¢ — det V¢ is a null-Lagrangian [21] and write
1 _ _
Eale) = [ 5 V00 + (p(x) — p) det Tilx) dx + 5 | det Vip(x) dx
1 _
= [ 519600 + (plx) ~ B) det Vip(x) dx.

If ||p—pll,, < 1, then the integrand is non-negative for almost every x € B by (1.1). Hence
E, = 0. d

Due to a duality result [29,38] that will be discussed later, we note that E,(¢) is finite for every
@ € Hi(B;R?) if pe BMO(B). Going forward, we will assume that p has at leat BMO regularity

but, in some cases, we will assume additional regularity.

The case of a piecewise constant pressure on a square domain has been discussed in great depth

in the literature [10]. There it is shown that there exist pressure functions p : [—1, +1]? — R with
Ip =Bl < V2,

such that E, > 0. This result can not be obtained by just applying Hadamard's inequality pointwise
as we did in the case of Corollary 1.1 since 1 < +/2. Furthermore, this shows that there exist
non-trivial mean Hadamard inequalities which can be proven using methods that go beyond the
application of Hadamard's pointwise inequality. There are also necessary condition results for
piecewise constant pressure [10] and we will make use of the techniques used to prove these results

for other families of pressure functions.
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There has also been some discussion [9] of the case of a radially symmetric, logarithmic pressure

function

p(x) = ps log (|x]) c>0.

This is an example of a lower regularity pressure function that fails to be bounded but is still in
BMO. Trivially, these pressure functions do not satisfy the pre-requisite condition for Corollary 1.1.
However, we will show that these pressure functions do give rise to a mean Hadamard inequality,

provided the coefficient p, is picked sufficiently small (see sections 2.4.2. and 3.3.2.).

Proposition 1.2. /f [p.| < 1, then E; > 0.

1.2. Constrained Variational Problems and Excess Functionals

It turns out that the functional E, arises naturally when considering a certain form of constrained

variational problem. More specifically, we consider the problem of minimising the Dirichlet energy
D(v) :/B%WV(X)F dx  veHY(B;R?
subject to a Jacobian constraint
det Vv(x) = h(x) a.e. xe B, (1.3)
and Dirichlet boundary condition
v(x) = g(x) Vx € 0B.

The notion of minimising energy while controlling the Jacobian is a common occurrence in elasticity
[7]. Here v would represent the deformation of a disc-shaped material relative to a coordinate

system. Taking h = 1, the condition (1.3) would then become an incompressibility constraint.

We will reformulate the variational problem by introducing a map u € H*(B; R?) such that

det Vu(x) = h(x) a.e. xe B,
u(x) = g(x) Vx e 0B.

There has been some discussion [19] of the existence of such a u for the case of g = id. We will
not concern ourselves with the existence of u but, instead, let u be the defining parameter for this
class of constrained variational problems, instead of (g, h). We then define the space of admissible
maps A, by

Ay = {ve H}(B;R?) : det Vv(x) = det Vu(x) a.e. xe B},
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and so the constrained variational problem is simply

in D(v).
24P

We note that the class A, is non-empty as it contains u, and is in fact an equivalence class in

H(B;R?) with representative u for the equivalence relation

det Vu(x) = detVv(x) ae. xeB,
u(x) = v(x) Vx € 0B.

As an immediate corollary, we observe that A, = A, for all v e A,. The non-triviality of A, (as
in |A,| > 1) has been shown for some examples of v [9] and we will not be exploring this for more
general classes of u. To see how the excess functional and pressure functions fit in to this picture,

observe the following result.

Theorem 1.3. Let p : B — R be such that u solves the weak Euler-Lagrange equation for Eg.
Then
D(v) = D(u) + Ep(v — u) VveA,.

Proof. The weak Euler-Lagrange equation [21] for Ej, is given by
/(Vu+pcof(Vu))-V<pdx=O VoeT, (1.4)
B

where T is a space of test functions. Now suppose that v € A, and let ¢ = v — u. We observe
that

D(v) =D(u+ ¢) =D(u) + / Vu-Vedx + D(p)
B
= D(u) —/ pcof Vu- Ve dx + D(p)
B

using (1.4) and approximating ¢ by smooth functions where necessary. Next, we use the constraint

to calculate
0 =det(Vu+ V) —det(Vu) =det Vo + cof (Vu) - Vo = detVp = —cof (Vu) - V.
Hence, we find that

D(v) = D(u) + /B pdet Vpdx + D(p) = D(u) + Ey ().

As an immediate corollary, we obtain a sufficient condition for u to minimise I in A,,.
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Corollary 1.4. Letp: B — R be such that u solves the weak Euler-Lagrange equation for Ey = 0.
Then

D(u) = \QE,D(V)'

In other words, u is a global minimiser of D in A,,.
Proof. If E, > 0, then
D(v) = D(u) + Ep(v — u) = D(u) Vv e A,
]

Assuming a sufficiently regular pressure function, say p € W1 (B;R?), we can write down a strong

form of the Euler-Lagrange equation for E,, given by
Au+ cof(Vu)Vp=0  ue HY(B;R?). (1.5)

This is a second order, linear, elliptic, coupled system of PDEs in u. We will not explore the general
theory for PDEs taking this form but will explore methods for decoupling and constructing explicit

solutions for u, under some assumptions on p.

Proposition 1.5. Let p: B — R be radially symmetric and satisfy
p(r) = pilog (r) + Z pir”, vre (0,1].
k=0
Then, dependent on the choice of boundary conditions, there exists a solution u to the Euler-

Lagrange equation (1.5).
For details of the requirements for the boundary conditions, see Proposition 2.12.

Before moving on, we will briefly discuss the non-triviality of the Jacobian constraint (1.3). A naive
approach to finding a solution to the variational problem would be to simply minimise the Dirichlet
energy subject to the boundary condition, but ignoring the Jacobian constraint, and hope that the
obtained minimiser happens to satisfy the constraint. In general, this will not hold, and we will
prove this for the case of det Vu = 1. Recall that minimisers of the Dirichlet energy, in the absence

of any constraint, are harmonic maps [21].
Proposition 1.6. Let ue H(B;R?) be harmonic and satisfy
detVu(x) =1 a.e. xe B.

Then
u(x) = Mx + c,

for constant M € SL(2) and ¢ € R?,
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Proof. We start by identifying R? with C and map v into the complex plane,

u(x) = (u1(x1, x2), U2(X1,X2))T —  U(z) = u1(x1, x2) + ua(x1, x2)i Z=x1+ xol.

Then we can can write

u=f+g,

for holomorphic functions f, g [24, 1. Introduction]. More explicitly, we have

uy + 0 us + o u — q up, — o .
f = + / g= - !
2 2 2 2

with the hat denoting harmonic conjugate [13], that is, u; + {;i satisfy the Cauchy-Riemann equa-

tions [13]. Then we calculate
2 2
1=detVu=|uZ|2—|uz|2=|f" —1g'".

Hence we have that

i

=1+ \g’|2.
We shall now denote F = (/)2 and G = (g’)?, which are both holomorphic, and satisfy
|F| = |G| + 1. (1.6)

We can also think of F and G as mappings of R?, which allows us to calculate, using the fact F
and G are holomorphic,
|F'| = IVIFIl = V6|l = |G|,

and so F = \G’ for some \ € S!. Furthermore, we must have X constant. To show this we

consider several possible cases.
e First, we suppose there exists a disk in B for which G’ # 0. On this disk, we have that

A =cos(0(x,y)) + isin (6(x,y)) = g

is holomorphic. Hence, X satisfies the Cauchy-Riemann equations, which we can write as

—sin (8) —cos (6) 0 -0
+cos (6) —sin (6) o

Since the coefficient matrix is a rotation matrix, we observe that V8 = 0 so 8, and hence A,
is constant. Thus we have that F = A\G + u for a constant u # 0, as |F| # |G|. Substituting
this back in to 1.6, we find that

F—n

|F|=' ’+1:>1+|F—u|=F|.
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......................................

Figure 1.1: Plot of the locus (1.7) for u = —2, —1, 1,2 from left to right and top to bottom.
However, the locus of
zeo 1+ |z—ul =1z, (1.7)

is, at most, one-dimensional. In particular, it is one-dimensional for |u| > 1 and empty
otherwise (see Figure 1.1). This means that we have an open map F with a closed image,
so it must be constant, by the open mapping theorem. Similarly, we must have that G is

constant.

o If there exists a disk in B for which F’ # 0, we can proceed as we did before but with A € St

replaced by A~1 € S

e If both F’ and G’ vanish almost everywhere in B, then F and G are constant almost every-

where in B. By continuity they are both constant on B.
Hence f, g are both affine and so v is affine. Since det Vu = 1, we must have that
u(x) = Mx+c,
for M e SL(2) and c € R? both constant. O
Thus, any map u that is not of the form

u(x)=Mx+c  MeSL(2) ceR?
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and minimises the Dirichlet energy in H!(B;R?) subject to Dirichlet boundary conditions will not

satisfy the constraint det Vu = 1.

1.3. Convexity and the Direct Method

Establishing lower bounds for the functional E, is also an interesting problem in the Calculus of
Variations due to the lack of convexity in the integrand. To understand this significance, we must

first review the notion of convexity [17] and its role in the Direct Method.
Definition 1.7. A function f : R?*?> - R is:
e convex, If it satisfies
FAX + (1 =XNY) < A(X)+ (1 =XNF(Y) VX e [0, 1],
for each X, Y € R?*?,
e polyconvex, if f(X) = g(X, det X) for some convex function g : R?*? x R — R.
e quasiconvex, if it satisfies
f(X) < 7{3 FIX+Ve(x)dx  YeeW;®(B;R?).
e rank-one convex, If it satisfies
FAX + (1 =N)Y) < A(X)+ (1 =XNF(Y) VX e [0, 1],
for each X,Y € R?*? such that rk (X —Y) = 1.
These definitions obey the following sequence of implications [17]
f convex = f polyconvex = f quasiconvex = f rank-one convex.

We note that the integrand of E; is convex iff [p| < 1 but is only polyconvex otherwise. Since
E,(0) = 0 and E, is homogeneous of degree two, the bound E, > 0 is equivalent to the existence

of a global minimiser for E,. In particular, O would be the global minimum.
Proposition 1.8. Let pe BMO(B). Then
E, >0 <= K, has a global minimum.

Proof. We first assume that E, > 0. Then since E,(0) = 0, ¢ = 0 € H}(B;R?) is a global

minimiser of E, and 0 is the global minimum.
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Now assume that E, has a global minimum, so it is in particular bounded below. Then, for a

contradiction, suppose there exists ¢ € H3(B;R?) such that
K :=Ep(p) <0.

Then, for any m < 0, there exists ¢, € H(B; R?), given by

m

Om = —Q,
K

such that Ey(¢m) = m. Hence E, is unbounded below and we have a contradiction. It then follows
that E, > 0. O

The notion of convexity often plays a pivotal role in proving the existence of minimisers. In
particular, convexity is often used in results that make use of the Direct Method [17,34] to establish
the existence of a minimiser. To demonstrate this, consider a more general functional, taking the

form
i) = [ F Vo) dx o H(BRY),

where f : R>*? — R is a Carathéodory integrand [34].

Theorem 1.9. [34, Chapter 2] Let f(x,-) be convex for almost every x € B and satisfy the

coercivity condition
Fx,X)=ulX>=C ae xeB, VXeR?**?
for constants pu, C > 0. Then there exists a minimiser for I in H3(B;R?).

Theorem 1.10. [34, Chapter 5] Let f(x, -) be quasiconvex for almost every x € B and satisfy the

growth condition
—;L|X|2<f(x,X)</1,<|X|2+1) a.e. xeB, VYXeR?>*?
for constant w > 0. Then there exists a minimiser for I¢ in H}(B; R?).

We observe that by weakening the convexity requirement from convexity to quasiconvexity, we
require a stronger coercivity/growth condition that may fail to hold. Developing an analogue of
these results for polyconvex integrands is an ongoing topic of research in the field of elasticity [7, p.
5-8].






Differentiable Pressure Functions

We have already seen that, when p is bounded, we can derive sufficient conditions for E, > 0 in
terms of |[p —p||,,. The goal of this chapter will be to construct sufficient conditions that use
derivatives of p in the case that p is differentiable in some sense. We will achieve this through a
variety of techniques, some of which will require the assumption of radial symmetry in the pressure

function.

2.1. Fourier Series

Consider a map ¢ € L2(B;R?) written in polar coordinates (r,6). Since ¢ is 2m-periodic in 6, we

may decompose it as a Fourier series [15] with coefficients depending on r.

0= 5@0(r)er + Y ®i(r)er(s6), (2.1)

J>0
where e.(-) is the radial unit vector, e; = e,(0) is the unit vector pointing in the positive x direction
and ®; : [0,1] — R?*2 are the Fourier coefficient matrices. We will stick to the convention of
capitalisation for the mode matrices. Grouping Fourier coefficients together in matrices is somewhat
non-standard, but will make many of the calculations performed later much simpler and will allow
us to write some results in terms of matrix properties like conformality. The mode matrices can be

calculated for a given map using

1 2T '
d(r) = ;/o Y ® e (j0)de,

where the product on the right hand side is the standard tensor product which, in this case, coincides

with the Kronecker [28] or outer product [31]. We immediately observe that
Po(r)ez =0, (2.2)

11
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that is, ®q has only zero entries in its right-most column. Here e> denotes the unit vector pointing
in the positive y direction. One of the reasons the Fourier decomposition is so useful is the

orthogonality [20, p. 3] of the basis functions.

Lemma 2.1. Leti,j e Ng. Then
2m
/ er(i0) ® e (jO)do = 7!'5,',1/ + 7T(5,‘5j/_,
0

where |~ = diag(1, —1).

Proof. We start by using product-to-sum formulae [1] for the products of the trigonometric func-

tions.

er(i0) ® e (JO)

Il
/N
(@)
O
)
-
S8
N~—
(@)
O
)
(-
D>
S~—

cos (i6) sin (jO)
sin (i6) sin (j6)
1 (cos((/—ne) —sin (i —ne)) )
((1—1)8)  cos((i—))6)
R((i+1)0)I,

0,
5
—~
T
~—
(@]
o
wn
<
D
~—

1 <cos((i+j)9) sin ((7 + 4)6) )
2

sin ((1 +4)8) —cos ((i +)0)

Il
|
B)
—~
|
—.
—
D>
~
+
+

where /* = diag(1, 1) and R(6) denotes the matrix representation of a counter-clockwise rotation

of @ radians about the origin [6]. Now, using the fact that
2m
/ cos (kB) df = 27y,
0

27
/ sin (k6) d6 = 0,
0

for k € Z, we have

27
/ R(k0)d6 = 27mé,l, ke Z.
0

Hence,

27
/ er(i0) ® e,(jO) db = 7T(5,'_J'/+ + 7T6,'+j/_ = ’/T(S,'J'/ + 7T5/5J'/_.
0

We immediately get a corollary for inner products of the basis functions.

Corollary 2.2. Leti,j e Ny. Then

2T
/ e.(i6) - e,(j8) d6 — 275,
0

We can also derive orthogonality results that involve arbitrary coefficient matrices.
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Lemma 2.3. Leti,j e Ng and A, B € R**?. Then
27
/ (Ae(i0)) ® (Ber(j6)) d6 = m6; ;ABT + w6,6;Al~BT.
0
Furthermore, if at least one of A and B has only zero entries in its second column, then
27
/ (Ae,(i6)) ® (Be, (j6)) dO — 7 (51, + 6,5,) ABT.
0
Here A and B are constant but they could depend on any variable other than 8, such as r.
Proof. We first observe that
(AX) ® (BY)) k) = AkpXuBroyw = Aku(’(uyl/)BI/ = (A(X®Y)BT)/</ v Yk, 1.
Hence, using Lemma 2.1, we have
2m
/‘(A@U@)@(B@U@)d9=A(mﬁﬂ+ﬂ&@FﬁBT=7ﬂwABT+W&@AFBT
0

Now suppose at least one of A and B has only zero entries in its second columns and denote their

first columns by a, b respectively. We then find that
AI*BT =a®@b = ABT,

and so o
/ (Ae,(i6)) ® (Bey (j6)) dO — 7 (51, + 6,5,) ABT.
0

Again, we can form an analogous result for inner products.
Corollary 2.4. Leti,j e Ng and A, B € R**2. Then
2m
/ (Ae(i6)) - (Ber(j9)) dO — 76,,A - B + 16,6,A « B,
0

where
AxB:=(Al7)-B.

Furthermore, if A or B has only zero entries in its second column, then
2m
/ (Ae,(i6)) - (Bey (j9)) d6 = 7 (51, + 6,6, A - B.
0

Now that we have some orthogonality relations, we can use them to do calculations on a given

Fourier series.
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Lemma 2.5. Let ¢ € HY(B;R?) have Fourier coefficients ®;. Then

1 ' .
Vo = §<D6( e1®e () + Z ®i(r)e (jO) ® e (0) + J;ij(r)eg(ﬂ) ® ey(0), (2.3)
J>0
1 . .
cof Vi = 5 cof d5(r)ex ® eg(6) + Z = cofCD i(r)er(j6) ® e (8) + cof i(r)es(j6) ® es(6), (2.4)
J>O
and
2T q L2 T RTINS 2
5IVel® do = ]cbo(r)\ + 5 2 N+ (0] (2.5)
0 j>0
27
/ det Vipdf = wZ (det ®;(r))’. (2.6)
0 =’

Proof. The formula for V¢ can be obtained by applying the gradient to each term in (2.1) using
1
Vo=0,®e(6) +_po®en(0).

To get cof Vo, we take the cofactor of each term, since it is a linear operator on R?*2, and then

use

cof(U®v) = (Ju) ® (Jv),

where J = R (%). Then

1 1
5IVel = 5V Vo

(Z ciPi(r)e(i0) ® e (0) + %@,’(I’)G@(/@) ® 69(9)>

=0

Z ¢®i(re () ® er(0) + J;'ij(r)eg(je) ® 69(9)>

= % cici (Pi(r)er(i6)) - (Pj(r)e-(j6)) + % (i(r)eq(i8)) - (D(r)es(j6))
ij=0
= % cicj (Pi(r)e(i6)) - (P(r)e (j6)) + iz(cofcb( )er(i6)) - (cof ®;(r)e,(j6)).
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and

det Vo

1
= —V(p -cof Vo

(2 i (r)e(i6) @ e (6) + £¢,(r)e9(/9) ® e9(0)>

i=0

) (Z J; cof ®;(r)e,(j6) ® e,(6) + ¢j cof D(r)e(j6) ® 69(9)>

% 2 % (Pi(r)er(i8)) - (cof ¢j(r)e-(j6)) + % (®i(r)eg(i6)) - (cof dl(r)eg(j6))
1
2

—.

I
r

(Pi(r)e(i0)) - (cof ®;(r)e (j6)) + % (cof ®i(r)e (if)) - (®(r)e-(j6)) .

where ¢, =1 — %k. Here we have used the fact that

cof M= JMJT = JTMmJ,

which can be checked by direct calculation. We then integrate both over 6 € [0, 27) using Lemma
2.3 to obtain

2m 1 5
/0 Vel do

and

27
/ det Ve do
0

J

[I
wm

2 G (81, + 8,65) D}(r) - P}(r) + =5 (81 + 618;) cof ®;(r) - cof ()
J=0

[l
NI
L.

2 / 2 _j2 2
2 G (L +8) [ @57 + 5 (1 + &) [cof & (r)
=0

[l
N5

/ .j2 2
2 G+ 8) [P0+ 5 (1 +8) [ @(0)
J=0

2
Z |®5(r) Jr—z\‘bj(f)\z'

J>0

I
#|>1

(81, + 8i0)) D(r) - cof (1) + % (61, + 6i6;) cof ®;(r) - Pj(r)

\|n

<
WV
o

71(1 +6;)Pl(r) - cof &;(r) + %(1 + 6j) cof ®;(r) - d(r)

-
WV
o

jgi
.

NS R NS

.
WV
o

(1+6;)(2detd,(r))’

= 1.

(det P;(r)).

.
\
o

Note that we can omit the j = 0 summand for the determinant as det ®y = 0 by (2.2). O
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By integrating over 6 € [0, 27), we are essentially taking the leading-order mode, discarding any
information that may be contained in higher-order modes. When using Fourier decompositions to
obtain sufficient conditions for a non-negative excess, the discarding of higher-order modes will be a
significant limitation. However, higher-order modes do not possess the splitting behaviour observed
in the leading-order mode, and, instead we observe mode mixing, making calculations much more
difficult. Now that we can Fourier decompose energy terms of maps, we can start to investigate

the regularity of the Fourier coefficients of a given map.

Proposition 2.6. Let ¢ € L?(B;RR?) have Fourier coefficients ®;. Then
! 2
/ r|®;(r)|" dr < o, Vj = 0.
0
Furthermore, if p € H*(B;R?), then
11 2 :
/ 7|<Dj(r)] dr < oo, V) >0,
0
! 2
/ r|®i(r)|” dr < oo, Vj = 0.
0
Proof. Similarly to the derivation of (2.5), we start by calculating

21 5 27T ' '
/O o[ d = /O S g (@4(r)eri6)) - (®,(r)e,(j6) db

i,j=0

= Z 7TC,'CJ'(5,'J' + 5i6j)¢i(r) : QDJ-(I’)

S0

:71'2 (1+4)) }CD\

J>0
= |¢o +7r2\<b
J>0
and so
27

IWIIQ—// lpl2rdodr = — /r|q>0 dr+7r2/ | (r

Jj>0
Hence, we require that

1
/ rlojn|fdr<ow,  Vjizo0
0

Now we further impose ¢ € H1(B;R?) so Vi € L?(B;R?). Then

1 rom o )
Vel =/ / |Vo|>rdodr = 5/ r|®6(r)] dr+7r2/ r|oi(r |<D-(r)\ dr.
o Jo 0

J>0
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Hence, we require that

1
1
/ - |0,(r)|? dr < 0, v/ >0,
0
! 2
/r|¢j(r)\ dr < o, V) = 0.
0

O

Note that these conditions are necessary but not sufficient. For sufficient conditions, we would
need to specify not just that the modes have finite energy but also growth conditions to ensure
convergence. One may also wonder if one of the conditions for the case of ¢ € H' could be

dropped by using an embedding. However, we can show that this is not possible.

Proposition 2.7. Let j > 0. There does not exist a constant C > 0 such that
' 2 LNTUUPENT: 1 2
- || dr<C [ r|®i(r)| dr, Vo e HY(B;R?). (2.7)
0 0

Proof. For a counter-example consider the one-parameter family of functions ¢ : [0,1] — R,

given by
L, re|0,¢,
Ye(r) = ‘
1, rele 1],
with € € (0, 1).
1 A4
s |
0 : :
0 € 1
r

Figure 2.1: Plot of 4, for a given € > 0.
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We then take ®;(r) = 1¢(r)/ so we have

! 2r .

/of / 5 r+/E rdr 1 — 2log (¢),
1

/r dr/ /

0

Thus, as € — 07, we have

1
Odr=1.

14 )
/ =|®i(n)|" dr — o,
0o

1
/ r ]CID}(r)‘2 dr — 1,
0

which is incompatible with (2.7). (]

2.2. Existence of Admissible Maps
Formally, the Euler-Lagrange equation for the excess functional E, is given by
Au+ cof (Vu)Vp = 0. (2.8)

Under the assumption that p : B — R is sufficiently smooth and radially symmetric, we can Fourier
decompose the PDE to get an infinite system of ODEs. To do this we must first establish a

decomposition for the Laplacian term.

Lemma 2.8. Let ¢ : B — R? by sufficiently smooth and have Fourier coefficients ®;. Then

2o =3 (o40) + Fo4(n) ) e+ 33 (00) + F05) - Zoy(0)) e

J>0

Proof. This follows immediately by applying the Laplacian [36] A = 0,, + %& + r%&ge to each term

of the Fourier series of . O
We can then derive the following result.
Proposition 2.9. Let p e CY(B) be radially symmetric. Then (2.8) is equivalent to

0 0 (2.9)
r2B](r) + rBj(r) = (re(r) + /%) Bj(r) =0, ¥j >0, (2.10)

where A; 1= UJ-(+) and Bj := UJ-(_).
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Here we define the conformal and anti-conformal parts of M € R2*? to be
M) = Z (M + cof M),

M) =

NI =N

(M — cof M),
respectively.

Proof. Using (2.8) and (2.4), we already have Fourier decompositions for the Laplacian and

cofactor terms. Since p is radially symmetric, we have
Vp = p'(r)e-(6),
where the prime denotes a radial derivative. Then, using the fact that
(v®@a)b=(a-b)v, Va, b, veR?

we obtain

cof (Vu)Vp = Z %p’(r) cof U;(r)e(jO).

Jj>0
Multiplying through by r?, we find that (2.8) is equivalent to
1 . . .
> (rPUS(r) + rUg(r)) er + Z (rPUI(r) + rUj(r) = 2U(r) + jrp' (r) cof Uj(r)) e (j6) = 0,
J>0
and so

U () + rUJ(n) = U +irs (1) cof Ui(r) =0, ¥j > 0. (2.11)

We now write U; = Aj + B, with A; being the conformal part [22] of U; and B; being the anti-
conformal [22] part of U;. Since (2.11) is linear in U;, taking the conformal and anti-conformal

parts yields the same equation but in A; and B;, respectively. Then, using the fact that

cof AJ‘ = —l-AJ‘,
cof BJ' —BJ‘,

I

the system decouples, giving us

rPAL(r) + rAi(r) + (rp'(r) — %) Aj(r) =
r2BJ’-’(r) +rBj(r) - (rp'(r) + %) Bj(r) =
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2.2.1. Monomial Pressure Functions

We observe that (2.9) and (2.10) bear some resemblance to Bessel and modified Bessel equations
[1, Chapter 9], respectively, of degree j. In fact, when p takes a certain form, we can show that

these ODEs are equivalent to (modified) Bessel equations.

Corollary 2.10. Suppose, additionally, that p : B — R is smooth away from the origin. The ODEs
(2.9) and (2.10) can be transformed into Bessel and modified Bessel equations, respectively, iff p

takes the form

p(r) = po+p1r’, Po. p1 € R,

for a constant exponent o > 0. The corresponding u is given by

Jay (2«/ §p1r0> I (2\/ é’pm)

— =W+ 4
Jj>0 J2__/ (2\/%) /a <2\/;>

Proof. The only change of variables that could produce a (modified) Bessel equation takes the

U (1) |ei6).

form

so
ds _ rp"(r) +9'(r)

dr 2KS

The first order differential operator is then given by

d dsd  rp"(r)+p'(r) d

dr  drds 2KsS ds’

To calculate the second order order differential operator, we use the product rule

dr2 ~ dr 2Ks ds
N (fp”(f) + P'(f)> d4d . 3 (rp"(r) +9/(r)) (2ks) = (rp"(r) + P'(r)) 4 (2K5) d
B 2Ks dr ds (2ks)2 ds

_ (rp"<r>+p'<r>)2 ¢ (rp’”(r>+2p"<r> (rp”<r>+p'<r>>2> d

@ d <rp"<r>+p'<r> d)

2Ks ds? 2Ks (2K)2s3 ds’
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Then
pd 4 o) ())&
dr dr 2ks? ds?
L () 42070 () + p'(r)? L (PO RN
2Ks? (2k)2s% 2Ks? ds
(PO RN &
2ks? ds?
() 3P0 e () (PR () + (1)) 4
2ks? 2ks? ds’
If we wish to obtain a (modified) Bessel equation in the variable s, we would require that
r2p"(r) + rp'(r)\° _rPp”(r) +3r2p"(r) + rp/(r) r2p"(r) + rp'(r)\° _o? 0
2K52 B 2K 52 2K52 4 T

for some constant o > 0. We start by solving

2. / 2 2
(PO -8 = W+ a-own -0,

to obtain

p(r) = po + p1r’,

for some constants pg, p1 € R. It then follows, by direct calculation, that

r3p"(r) + 3r2p"(r) + rp/(r) r2p"(r) + rp/(r) 2 B o2
2Ks2 2Ks2 4

By taking the other sign in the square root, we can also obtain the same solution but with —o < 0
instead of o > 0. However, this gives a discontinuous pressure function p which we will omit. The

ODEs can now be written in the new variable s as
2 AN A/ 4 Co2 2\ A :
s*Al(s) + sAi(s) + = (jrs® — %) Ai(s) =0, Vj >0,
2 3N / 4 s o2 2 :
s B-(s)—i—sB-(s)—;(ms +J°) Bj(s) =0, vj = 0.
We are free to pick k € R for each ODE and so we shall take K = i—j, for j > 0, to obtain

sAY(s) + sAj(s) + (s° ) Aj(s) = Vj >0,
B;

$2BY(s) + sBi(s) — (s + v?) Bi(s) =0,  Vj>0,

where v = %J Thus, when j > 0, we have a Bessel equation for the ANJ- and a modified Bessel

equation for the EJ-, each with degree v = QJ—" Solving the ODEs in the variable s using the fact
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that A;(s) and B;(s) are bounded near s = 0, we find

As) = %A (z\/;p> s
E s P1
2(s)

- ~ J .
Bj(s) = —7—=B (2\/—p1> . J>0.
; o
I3 <2 ‘ép1>
Now we change back into the variable r to get

Ja <21 / §p1r0>

Aj(r) = : Ai(1), J>0
Jy (2 §P1>
l2 <2\/§P1f">
Bj(r) = : Bi(1),  j>0
I3 (2 ém)
For j = 0, we have
PAS(r) +rAy(r) =0 = Ao(r) = Ao(1)
rPB(r) +rBy(r) =0 = Bo(r) = Bo(1)

again, using the fact that the A; and B; are bounded near r = 0. Then, since Jp(0) = /o(0) = 1,

we can write

Sz (2 ﬁpl)
/2_J‘ (21/§p1r‘7>
Bj(r) = B;(1), J=0

/%i (2 §p1>

Hence, we can write down a solution for u

Jz (2 §P1f0> 2 (2\/§p1f">
Ut ) +
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In the case of p; < 0, it may be useful to write

S <2\/§P1r"> I2 (2\/%)
sy <2 §p1) ) Iy (2@) |
Iy (%/%pm) Ju <2«/—§p1r0>
Iy (2@) i S (2 —§p1> |

to avoid the introduction of imaginary roots.

1 1
<'(H m\
—Jj=1 —Jj=1
— = —) =
—j=3 —J =3
0 ‘ 0 :
0 1 0 1
r r

Figure 2.2: Plots of the solutions A; (left) and B; (right) with 0 = 1 and p; = 1 for j = 1,2, 3.
Here we have normalised to A;(1) = B;(1) = 1.

2.2.2. Logarithmic Pressure Functions

We can also observe, in the case of constant (but non-zero) rp’(r), that (2.9) and (2.10) reduce

to Cauchy-Euler equations [11].

Corollary 2.11. The ODEs (2.9) and (2.10) can be transformed into Cauchy-Euler equations, iff
p takes the form

p(r) = po + pslog (r), po. P« € R.
A corresponding u exists iff
Uty =0, Vi< -p,
U@ =0 Wi<—p
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and is given by

u= %Uo(l)el + Z (f\/muj(Jr)(l) + VI UJ(_)(1)> er(f).

J>0

Proof. For the ODEs to take the form of a Cauchy-Euler equation, we must have rp’(r) = px € R

and changing variables will not make any difference. We then have

p(r) = po + px«log (r), Po, px € R.

The ODEs then simplify to

rPAl(r) + rAi(r) + (ps — %) Ai(r) =0, Vj =0, (2.12)
r*BY(r) + rBj(r) — (jps +J°) Bj(r) =0 Vj >0 (2.13)

We then break the solutions down into two cases depending on j, assuming ps > O.

e If j = p, or j =0, the solutions are given by

Aj(r) = rVI e A (D),
Bj(r) = rVI P By(1).

In the case of j = ps, the general solution for A; has a logarithmic term that vanishes due

to the need for boundedness near r = 0.

e If j < px and j # 0, then there is no real solution for A; that is bounded near r = 0 unless

Aj(1) = 0. In this case, we have

Ai(r) =0,
Bj(r) = rV/HPeBy(1).

If instead p,x < 0, we obtain similar results, but it is B; that loses real solutions when j < —ps.

The case of p, = 0 is trivial. Taking into account these existence conditions, the solution for u is

given by

. %Uo(l)el £y (r\/ﬁ—jp* UJ-(+)(1) + VI UJ-(_)(1)> er(Jf).

J>0

We again recover the constant pressure solution when we set py, = 0.
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Figure 2.3: Plots of the solutions A; (left) and B; (right) with p; = 0.8 for j = 1,2,3. Here we
have normalised to A;(1) = Bj(1) = 1.
2.2.3. Frobenius Series Solutions

We now establish a method for constructing admissible maps that correspond to a much wider
class of radially symmetric pressure functions, including both the monomial and logarithmic cases

previously discussed.

Proposition 2.12. Let p : B — R be radially symmetric and satisfy

p(r) = pslog (r) + Y pur®,  Vre(0,1].
k=0

Then there exists a solution u to the Euler-Lagrange equation (2.8) iff

U@ =0 V) < +ps,
U1 =0, Vi< —ps.

Proof. Since p has the form
p(r) = pslog (r) + o(log (r)),  r— 07,

we know that rp’(r) has no pole at r = 0. then, by Fuch's theorem (i.e: the Frobenius method) [4,

Appendix A], there exist solutions for the A; and B; taking the form

Ai(r) =Y Airsti A% e 0,1}
i=0
Bi(r) =Y ,Bj%*,  BYe{0,1}.

i=0
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The condition AJQ, BJQ € {0, 1} means that we can have either trivial solutions or non-trivial solutions
satisfying a specific boundary condition at r = 1. To obtain other non-trivial solutions, we can

simply rescale. Substituting these into (2.12) and (2.13)1 gives us

ST (0 + 1) = ) +J(ps + 0(1))) Alr* =0,

=0

Y (((B+ )2 = 12) (s + 0(1))) B =0,

=0

which have leading order terms

(af =2 + jps) Air® + o (r™)

0,
(62~ 7~ 1p2) B + 0 (%) =0

These leading order terms must vanish for all r and so, depending on the values of j and ps, we

can solve for a; and 3;.
e Suppose ps = 0.

— If j = ps« or j = 0, then the indicial equations have roots

Regardless of whether these roots differ by an integer, we will always discard the solution
corresponding to the smaller root, as it will be unbounded near r = 0, behaving like either

rY for some v < 0 or log (r) r” for some v < 0.

— If j < ps and j # 0, then we still take

6] = Vj2 +.jp*v

but we have no solution for a;, and so we take A; = 0.
e Now suppose ps < 0.

— If j = —p4 or j = 0, then the indicial equations have roots

OtJ':i\/mv
,Bj = i\/./.2 + JPs,

and, again, we discard the solutions corresponding to the smaller roots to ensure

boundedness near r = 0.
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— If j < —p4 and j # 0, then we still take
aj = Vj2 — JPx,
but we have no solution for 3;, and so we take B; = 0.

The solutions for the non-trivial A; and B; can be obtained using the recurrence relations

Al — kpi AL, A=1,  j=+4psorj=0,
Iy 2/m k-%:/ J
Bl =+ D kpeBf BY =1,  j=-—p.orj=0.

/2+2/ 72 Ps (e

There are several important remarks that we can make regarding this result.

e The required form for p is dictated entirely by the conditions needed to apply Fuch's theorem.
In particular, we require that p(r) = pxlog (r) + wu(r) where p is meromorphic [26] and pole-
free. However, this immediately tells us that that g must be expressible as a convergent

power series.

e The recurrence relations for the AJ"» and BJ( are independent of pg. This is to be expected, as

p does not appear explicitly in (2.8), only Vp.

e The value of py is the main driving factor in the existence of solutions and what boundary
conditions we can satisfy. In the absence of a logarithmic term, we can satisfy any boundary
condition we like. Furthermore, this also applies when we have a logarithmic term with
Ips| < 1

2.2.4. Linear Pressure Functions

The main limitation of the methods discussed so far is the requirement of radial symmetry in the
pressure function p. However, (2.8) can also be solved explicitly for some non-radially symmetric

pressure functions, one such example being the case of a linear pressure function
p(x) = A-x A e R?.
We can then write the Euler-Lagrange equation as

Au + cof(Vu)X = 0. (2.14)
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This is a coupled linear system with constant coefficients, since A € R? is a constant vector, so we
can easily take further derivatives, assuming they exist. We shall take the Laplacian of (2.14) and

then substitute for the new Laplacian term, again using (2.14).

A?u = —cof (VAu)A
= — cof (V(—cof(Vu)A))

A
—(JVup) - X
o (v [TV A
JVul A
VU2 X A
= cof
+Vu x A

_ V(Vug x X)) x A
V(Vup x X) x A

using the fact that
V(vxA)==V(-JA) =—UNTVv=2ATJVy,

for constant A € R?. We then get the decoupled system
Duj+adi(Viu)[\ Al =0 j=1.2. (2.15)

With the assistance of a computer algebra package, we can solve (2.15) and find that solutions u
take the form of polynomials with degree 8. In particular, there exists an 18 dimensional solution
set to (2.14) consisting of degree 8 polynomials. We will highlight one such example of these

polynomial solutions.

Proposition 2.13. Let u: B — R? be given by

uj(x) = (ile +X2>2 + (—1)J‘>\£2 (1 + <;—;> 2) X1.

Then u solves (2.15).
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2.3. Sufficient Conditions

Now that we have better established the link between minimising D amongst the constrained class
Ay and non-negativity of the excess E, for a suitable pressure p, we shall proceed to determine
which pressure functions make the excess non-negative. Whenever we find a pressure p with E, > 0,
we can then calculate the corresponding u that solves the Euler-Lagrange equation (2.8) and we
know that u will minimise D in A,. We shall start by decomposing the excess functional using

Fourier modes.

Proposition 2.14. Let p: B — R be radially symmetric and ¢ € H'(B;R?). Then

1 2
r 2 r 2 J 2 .
Ey () =7T/O Z‘Cbg(r){ +Z§‘®J’-(r)‘ +§]<Dj(r)‘ +jp(r) (det®;(r))" dr. (2.16)
Jj>0
Furthermore, if p is weakly differentiable, we have
Yo 2 SNPINC IS 2 .
Ep(p) = Z!dDO(r)‘ +Z§‘d>j(r)| +2—‘<Dj(r)‘ —Jjp'(r)det®;(r)dr. (2.17)
0 j>0 r

Proof. The proof follows directly from using (2.5) and (2.6), then applying integration by parts. If
we estimate the determinant term using Hadamard's inequality and consider Proposition 2.6, we

observe that

r— %det d(r),
isin L1, Hence, the integral fol p'(r)det ®;(r)dr is finite if
r— rp'(r),
isin L. U

2 2
. |®;|” and det®;. If we

We observe that the integrand in (2.17) has three terms, namely ‘CDJ’

2
and det ®; in terms of ’d>j]2, then we can derive a bound of the form

can estimate ‘CDJ’

1
Ep(g)> Y / M) &P dr. Ve e HY(BIR?),
j=070

where the ); depend on p. We can then investigate which choices of p cause the A; to be

. . 2 . )
non-negative almost everywhere. To compare det ®; with \CDJ-\ , we will just use Hadamard'’s

. 2 .
with |®;], we will need to make use of

2
inequality [23,37] pointwise. However, to compare ‘CDJ’

some form of integral inequality.
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2.3.1. Poincaré Inequalities

2
with \CDJ-]Q would be an appropriately

A natural choice for a mean inequality to compare ‘fbj

weighted Poincaré inequality.

Lemma 2.15. Let .
A= {v e W3 t([o,1]) : / rv'(r)?dr < oo} .
0

Then
1 1 !
/ rv(r)?dr< = [ r/(r)?dr, Vv e A,
0 Jo Jo
where jo is the first positive zero of the Bessel function Jy, and the inequality is sharp.

Proof. We will first minimise the functional

1
F(v):/o rv'(r)2dr,

flz{veA:/Olrv(r)erzl}.

We will justify the existence of a minimiser later (see 2.18) and start by calculating a stationary

in the constrained class

point using the method of Lagrange multipliers [41]. We start by forming the augmented functional

AV, A) = /Ol ' (r)2dr+ X </Ol rv(r)?dr — 1) ,

where X\ is a Lagrange multiplier. The Euler-Lagrange equation of A with respect to A is just the
constraint. However, if we take the Euler-Lagrange equation with respect to v, we have

% (2rv/(r)) = 2xrv(r),

or, equivalently,
r2V'(r) + rv'(r) = Ar?v(r) = 0.
Making the substitution s = v/Ar and writing ¥(s) = v(r), the Euler-Lagrange equation of A(-, \)
can be written as
s29"(s) + sv'(s) — s2¥(s) = 0,
which is a Bessel equation of order 0. Thus, the solution is given by
7(s) = Ado(s) + BYo(s) = v(r) = Ad(VAr) + BYo(VAr).

We then use the boundary conditions to deduce

v(0)=0 = B=0,
v 0 = X 5,

J

o O©
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where jo > 0 is a zero of the Bessel function Jy. Note that we have used that ve A = v # 0 in

the second line. Furthermore, we have

1 1
1= / rv(r)?dr = A2/ rdoor)>dr
0 0
A2 o
= - sho(s)?ds
Jo Jo
A2 [s2
=% |5 ot s
Jo
A2 . 2
= 7-/1(,/0) ,

Jo

0

and so

V2
J10o)

We then substitute this solution back into F to obtain

A=+

1 5 1

F(v =/ ' (r?dr=—= / Srdy(or)?dr
)= [ erar= o2 [ B
2 /1 -,

= - rdhior)dr
5100)? Jo 1or)

Hence

(/neig F(v)=j¢ at v¥(r)= i.lli(jzo)JOUOr)'

Since jg is the minimum of F in A, we will pick jo to be the smallest of the positive zeroes of Jy.

Now let v € A and define
v _

Vi=————c A
q/fol rv(r)2dr
Then
1 12 1 1
rv'(r)y=dr 1
F(v) = —fol (r) =8 = / rv(r)?dr< = | r//(r)?dr VYveA
Jo rv(r)?dr 0 J5 Jo
The inequality is sharp as equality is attained by taking v = v* € A. O

We can now use this weighted Poincaré inequality to estimate the excess functional.
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Theorem 2.16. Let p e W'1(B) be radially symmetric and satisfy

1+jér?, re [0}0]

(N <4 )
Djor [JO 1]

a.e. re0,1],

Then E, > 0.

Proof. We start by recalling the Fourier decomposition of the excess as given in Proposition 2.14.
1
r 2 .
Eo(p) = 7r/ 2 |d>6 >y Z ‘GD ‘ij(r)‘ —Jjp'(r)det®;(r)dr.
0 J>0
By Hadamard's inequality, we have
1 _
[det & (r)] > 3 [®,(N]°  ¥i>0,

pointwise. Then applying Lemma 2.15 to the ®;, we estimate

5y(0) > 7 [ £ 100 + S oy + 4 fo 0 - 4 o 0] [0
0 J>0
12 2
:g/ J%r|d> —l—Z(jOI’-I-J——J p'( \)\ij(r)\z dr.
0 J>0

We can ensure that E, > 0 by taking p to satisfy
o I
pr+—=jlp'(nf=0 ¥i>o
pointwise for almost every r € [0, 1]. Equivalently, we can write

2
|rp'(r)] < er +j = p;(r) Vj > 0.

To reduce this inequality, we will attempt to minimise the p; with respect to j, observing that the

minimum occurs when Y
opi(r) 1 Jo 2
. = — _—21'
aJ J
We then split into two possible cases.

=0 = j=jr

o Ifre [ ] then jor = 1 and so we have
pi(r) = pjor(r) =2jor ¥/ =1

o Ifre [0}0] then jor < 1 and so p;(r) does not attain a local minimum for j > 1. However,
we do observe that ”
—apj(.r) = 1—1_%r2 = 1
0j J J
and so
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Overall, we can conclude that
1+43r2, re[(),j—t], .
pi(r) = p«(r) := 9 . Vj >0
2jor re [B’ 1],
pointwise for r € [0, 1]. Hence, a sufficient condition for E, > 0 is
1+ j2r2, re [0, l] ,
o' ()] < pu(r) = ’ . » a.e. rel0,1]
2jor re [j_o’ 1] .
3
1
0
0 1
r
Figure 2.4: Plot of the pointwise upper bound p, derived in Theorem 2.16.
O

As a corollary, we can also deduce a sufficient condition in terms of the Lipschitz constant [8] of
the pressure function.

Corollary 2.17. Ifpe WY®(B) is radially symmetric and satisfies
IVPlle < 2.
then Ep = 0.

Proof. We first write the sufficient condition as

SO
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would also be sufficient. Then

2nln) _JB—E refog]
or r 0 re[j—t,l],

so the minimum is attained at any r € [J% 1] and we have

. Ox(r ) 1 )
inf 220 = Jopx (—) = 2jo.
Jo

ref0,1] 1

Hence ||p'[|,, < 2jo is sufficient for E, > 0. 0

It should be noted that the weighted Poincaré inequality in Lemma 2.15 can also be thought of as

an unweighted L2 Poincaré inequality on B, restricted to the class of radially symmetric functions.
2 1 2 1/ . o2
)P ax < 5 [ Vo) dx e e H(BIEY). (2.18)
0

This is why we did not need to show the existence of a minimiser in the proof of Lemma 2.15 as
existence of minimisers of the Dirichlet energy, which is the right-hand side of the inequality, has
been shown numerous times before [21, Chapter 8.4.3]. We know that solutions to the associated
eigenvalue problem for this Poincaré inequality take the form of a Fourier series in polar coordinates
and so the principle eigenfunction is radially symmetric. This means that we will see no improvement
in the optimal constant when we make the restriction of radial symmetry as the function that makes
the inequality sharp is the same in both cases. With this in mind, we can apply the unweighted

Poincaré inequality (2.18) directly to E, without any Fourier decomposition.
Proposition 2.18. Let p e W1®(B) satisfy

Vel <Jo-
Then E, = 0.

Proof. For any ¢ € H}(B;R?), we use Holder's inequality, Piola's identity and (2.18) to obtain
1
Ep(p) = /B 5 |V<p|2 + pdet Vi dx

1 .
= 5/ IV|? + pdiv (cof (Vo)) dx
B

1

= 5/5 [Vo|* — Vp - (cof (V) ) dx

\Y

1
5 (19013 = 190l - 1961l - llell,)

(1 100 oy
> |1——]|IV .
5 (1- P ) oo
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Hence,

IVpllp <jo = Ep>0.

O

We observe that, when constructing sufficient conditions in terms of Lipschitz constants, making
use of Fourier series and assuming radially symmetric pressure give an improvement over direct
estimates of the excess functional (since jo < 2jo). Furthermore, by using Fourier based techniques,
we are able to derive sufficient conditions given in terms of pointwise bounds when the pressure is
radially symmetric. This allows us to find non-negative excess functionals for a much wider range

of pressure functions, including non-Lipschitz examples.

2.3.2. Weighted Sobolev Inequalities

The main limitation of using Poincaré inequalities in this context is due to the weight being the
same on both sides of the inequality. If we look closer at the integrand in (2.17), we don't just want

2 1 2 . .
with £ |®;|%. This motivates

2
to compare }CDJ’ with }ij‘z, but rather we wish to compare r ‘ij

the usage of weighted Sobolev inequalities [3, Chapter 1], taking the form

[P o < & [Detafax vee (iR (2.19)

for a non-negative weight function w : B — R that we will assume is radially symmetric. Note
that the constant C,, > 0 depends on the choice of w, if it exists at all. As we have seen in the
case of the Poincaré inequality, it will also be useful to consider a radially symmetric version of this

inequality, given by

1 rdr 1
/o v(r)zﬁ < Cigv/o V'(r)?rdr. (2.20)

If we can find a weight w and a constant C,, such that we have a weighted Sobolev inequality, we

can then use it to derive sufficient conditions for non-negativity of E,.

Proposition 2.19. Let w : B — R and C,, € R be non-negative and picked such that (2.19) holds
for all admissible . Then

IwVpll, <C» = E,=>0.

Proof. We shall apply the same technique as in the proof of Proposition 2.18, writing
1 ®
By(0) = 5 [ 196 ~w¥p- (cof(V)2) x
B w

1 2 4
> 2 (VeI = 1wvpll, - IVl | 2] )

1 1 2
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We again observe that, when we do not apply a Fourier decomposition to the excess functional,
we obtain only a sufficient condition on p in the mean. We can improve this result by using the

decomposition technique as demonstrated in the proof of Theorem (2.16).

Theorem 2.20. Let w: [0, 1] — R and C,, € R be non-negative and picked such that (2.19) holds

for all admissible v. If p e WY(B) is radially symmetric and satisfies

Cc2 o w(r)
w w(r
mr, I’Z CW ’

then E, > 0.

Proof. We start as we did in the proof of Theorem (2.16), writing
1 2
r 2 r 2 J 2 .
Ep(p) = 7r/ 7 !Cbg(r)‘ + Z 5 ‘d>j(r)| + 5 ‘CDJ-(r)‘ —jp'(r)det®j(r)dr.
0 j>0
We again apply Hadamard's inequality but this time, instead of using Lemma (2.15), we apply
(2.20) and obtain

1 2, 2, o) .
Balo) > 7 [ 2t oo + 30 5t 0,07 + 5 (0,00 = 5 190 o] ar

J>0
w [ C2r c2 5, ., , 2 dr
=2 S 2 _ o;(r)|> L.
2/0 2w(r)2 +j>0<W(r)2r +J J‘I’p (r)‘) ‘ J(r)‘ P

To ensure E, > 0, we take p to satisfy

/ G 2 ;
rp'(n)] < Jwir” T p;(r),
pointwise for almost every r € [0, 1] and for each j > 0. As we did in the proof of Theorem 2.16,

we minimise with respect to j > 1, observing that

pi(r) _ c2, 2.0 o J.:wa

0j ~ 2w(r)? w(r)’

As before, we have two possible cases to consider.

o If r> C—lww(r), then v%rr) > 1 and so

2C
pi(r) = pew (r) = —=

—r V= 1.
w(r) w(r) J

e On the other hand, if r < C—lw (r), then VCVE”[) < 1 and so p; does not attain a local minimiser

for j > 1 as it is increasing in j. Hence,
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We can write all of this succinctly as

cz o w(r)
14+ 2%, r< Co .
pj(r) = pu(r) == w(r) o Vi > 1.
Gl r=-=,

We conclude by observing that |rp’(r)| < p«(r) pointwise for almost every r € [0, 1] is sufficient
for Ep > 0. O

Note that both Proposition 2.18 and Theorem 2.16 follow as direct corollaries from Proposition

2.19 and Theorem 2.20, respectively, with w(x) = 1 and C,, = jo. We also observe that we

can normalise the threshold function p, relative to the weight by writing p.(r) = @ (\5%) where

b Rsg — R is independent of the weight function and is given by

1+t2, t<1,
p(t) =
ot t>1.

As we did with the Poincaré inequality, we can use the pointwise sufficient condition in Theorem

2.20 to derive a sufficient condition in the mean.

Corollary 2.21. Let w : [0,1] — R and C,, € R be non-negative and picked such that (2.19) holds

for all admissible v. If p: B — R is radially symmetric, then
[wVpll, <2Ch = Ep=0.

Proof. We first observe that

dt t 0 t>1,
so t — &:) is a continuous function that is strictly decreasing for t < 1 and constant for t > 1,
with a minimum of 2. Setting t = VCVZV[) we find that
w(r) Cwr
=2 v 0, 1].
eru<W(r)> relod]

Using Theorem 2.20, we then have that a sufficient condition for E; > 0 is

w(r),
<2,
Cor |rp'(r)]
or, equivalently,
[wVpllo, < 2Cw.
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As we did in the case of the Poincaré inequality, we observe a doubling of the constant on the
right-hand side when we restrict to radially symmetric pressure. Furthermore, we can rescale the

constant C,, so that [|wl|,, = 1 and then we get another sufficient condition for E, > 0, given by
IVpll, < (1+46)Cy,

where we take 6 = 0 for the case of a general pressure function and § = 1 for the radially symmetric
case. Thus the mean condition is improved purely by picking w such that the constant C,, is larger.
If the pressure is not Lipschitz but is radially symmetric, the pointwise condition given in Theorem

2.20 may still apply.

Not every weight function will give rise to a valid weighted Sobolev inequality. Furthermore, we

can derive necessary conditions on the weight w for such an inequality to exist.
Lemma 2.22. For (2.19) and (2.20) to hold, we require that % e L?(B).

Proof. Consider the function ¥, : [0,1] — R as given in the proof of Proposition 2.7 and again
take ®j(r) = v¥e(r)l. We then have

1 d € 3 1
Jy 1ol S = |, o+ |,

1 €op 1
/ ‘dbj’-(r)2|rdr:/ €—2dr+/ 0dr = 1.
0 0 €

1

o rdr 1

(O} < = )
/0 ] J(r)‘ w(r)? 2 Ve >0

Using (2.20), we have

In particular,

/1 rdr - 1 Ve > 0
e w(n? =G '

We then apply the monotone convergence theorem [27, 3.3.3] to

flr) := W(rr)zx[%vl](r)'

to find 75z € L1(0,1), so L e L2(B).

O

This rules out using w(r) = r as a weight. This is quite unfortunate as this would be the ideal choice

of weight when working with the Fourier decomposed excess functional due to the appearance of
2

the 1 ‘CIDJ-(r)‘2 and r ‘CDJ’(r)‘ terms.
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2.3.3. Hardy Inequalities
We now consider one such example of a weighted Sobolev inequality, sometimes referred to as a

Hardy inequality [33], where the weight is given by w(r) = r1=% for some a > 0.

Lemma 2.23. Let o > 0 and A be given as in Lemma 2.15. Then
L F3(3. 001, 1,1+ 0;—8) (!
/ v(r)?r?*=tdr < 2f3 (3 ARTRY JO)/ V/(r)2dr Vve A,
0 g J1(o) 0

and the inequality is sharp.

Proof. We apply the same method as used in the proof of Lemma 2.15, constructing a constrained

1
A= {VE.A :/ v(r)2rretdr = 1},
0

and finding stationary functions v of the augmented functional (with Lagrange multiplier X) that

class

solve
rPV'(r) 4+ rv'(r) = xr*®v(r) = 0, v(0) = v(1) =0. (2.21)
We apply a change of variables given by s = %Xro‘ and write V(s) = v(r), to obtain

s29"(s) + s¥'(s) — s%V(s) = 0, v(0)="v (\/—X> =0.

This is a Bessel equation of degree 0 so we get non-trivial solutions when A =j§a2 and they are
given by
V(s) =Ad(s) = v(r)=Alklor),

for a constant A € R to be determined. We then calculate

L A2 1
1 —/ v(r)?r?eldr = 52/:3 <§,a; 11, 1+o —Jg> :
0

g (Jo)?
oF3 (3, 1,1, 1+ a; —j2

1 A2 . . )
= / V'(r?rdr = 7]3J1(Jo)2 = ] ~ 2jo 1 (jo)? (. — 01),
0

where C_lg is the optimal constant for the inequality on A and »F3 (+) is a hypergeometric function [2,
Chapter 2]. By the reasoning given in the proof of Lemma 2.15, the inequality also holds on A
and is sharp. O

Note that we recover the weighted Poincaré inequality as seen in Lemma 2.15 by taking a = 1. We
also observe that the optimal constant Cla diverges as a — 0T, which agrees with the observations
of Proposition 2.7 and Lemma 2.22. Furthermore, in the case of a = 0, there would be no non-
trivial solutions to (2.21). We can use these inequalities to construct new sufficient conditions for

non-negativity of the excess functional.
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Theorem 2.24. Let p e W11(B;R?) be radially symmetric and satisfy

_1
1+C2r2®, re {O,Ca"] :
|

Proof. This result follows as a direct corollary to Theorem 2.20 with w(r) = r'=® and C,, = Cq,

|rp'(r)] < a.e. re0,1]

RI=

2C,r® re [Ca

Then E, = 0.

noting that
Cw 1
r < — r < —,
w(r) s
Cw 1
r= — r=—=.
w(r) &

&
—a=04
11 —a=08
—a=1.6
0 :
0 1

Figure 2.5: Plot of the pointwise upper bound p, derived in Theorem 2.24 for various values of a.

O

As we did in the case of the weighted Poincaré inequality, we can also derive a sufficient condition

in terms of the Lipschitz constant of the pressure function.

Corollary 2.25. /fpe W1®(B) is radially symmetric and satisfies

1+C2, ae (0, a*],

Vel < < 2C,, ae[a* 1],
1

20 —C&, aell, o).

(2a—1)

then E, > 0, where o ~ 0.364 is the unique solution to Co = 1.
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Proof. We first write the sufficient condition as

SO

would also be sufficient. Then

2,202 _ -2 ~a
ip*(r)_ (2a—1)Cars*=—r==, re|0,Cq

_1
or r (2a — 2)Cur2 re|Cq?,1

We now split into cases based on whether «a is smaller or larger than a® < 1.

e |[f o > 1 then a local minimum is attained at

1 2 _1 _1
r= <2a—1> Cq* € (O,Ca“]

1
P« (r) 1 -1 1 o 1 2a 1
r 2(2&—1)20(Ca P ((20&—1) Ca ) = (2a_1)2aflca-

e If o < 1, then 2% is decreasing on [0, 1] and

Thus,

r 1 2Cq, az=of

Overall, we have that
1+C2 a e (0, a*]
i p*r(r) ~ 1% o€l 1]

O

We can then compare with the sufficient condition we obtain for non-radially symmetric pressure

functions.

Proposition 2.26. Let p e W11 (B) satisfy

Jo o)V
\/2F3 (31,1, 14+ a;—f3)

Jrt-=ve], <

for some o > 0. Then E, = 0.
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Proof. This result also follows as a direct corollary to Theorem 2.20 with w(x) = |x|*™® and

Whereas Proposition 2.18 applied only to Lipschitz pressure functions, Proposition 2.26 can be
applied to non-Lipschitz pressure functions (when 0 < a < 1) but fails to be applicable to logar-
ithmic pressure functions, such as p(x) = log (|x|). By contrast, Theorem 2.24 can still be applied

to logarithmic pressure functions, as we will see later.

2.3.4. The Ciritical Case

In the limit @ — 07 the Hardy inequality fails and so we do not have an inequality that can

2
with 1 ‘dDJ-]z in the Fourier decomposed excess functional. However, there does

compare r ’CDJ’

exist a critical version of the Hardy inequality [35] that replaces the case of a = 0.

Lemma 2.27. Let a > 0 and A be given as in Lemma 2.15. Then

1 dr L
/ov(r)zm<4/o V/(r)?dr Vv e A.

This inequality is, in some sense, the best inequality to bound the integrand in (2.17) below purely

in terms of the ]CDJ-|2.

Theorem 2.28. Let p e W11(B;R?) be radially symmetric and satisfy

1
/
|rp'(r)] < 1+4

20 —Tog ()2 a.e. re|0,1],

Then E, = 0.

Proof. We apply Theorem 2.20 with w(r) = r(1 —log (r)) and C,, = 4. Here we note that, for

r € [0, 1], we have
w(r)
Cw

so we need only consider the first case for ps.

=2r(l—log(r)) =2r=r,

O

Once again, we can derive a sufficient condition in terms of the Lipschitz constant of the pressure

function.

Corollary 2.29. /fpe W1®(B) is radially symmetric and satisfies

5
190l < 5

then E, > 0.
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Proof. We rewrite the sufficient condition as

"(nN] < inf ae. rel0,1
‘p( )‘ seI[O,l] S [ ]
Since p*( ) is decreasing in r, we have
. p«(r)  p«(1) 1 5
f - L
rel[rg),l] r 1 + 4 4

O

As we have done for the Poincaré and Hardy inequalities, we can also derive a weaker result for

non-radially symmetric pressure functions.

Proposition 2.30. Let p e W'1(B) satisfy

1
lixI (1 —log (Ix) Vel < 5.
ThenE, > 0.

Proof. This follows as a direct application of Proposition 2.19 with w(x) = |x| (1 — log (|x|)) and

Again, we see that the radial version gives improved sufficient conditions over the non-radial version.

We also note that there exists another form of critical Hardy inequality [41], given by

] vix |j|x 4 [ 19000 (g (1x))2d

along with a corresponding radial version. However, this form of inequality is of no use in bounding

the excess using the techniques provided here due to the incorrect weight on the right-hand side.

2.4. Examples

We shall now use the results of this section to derive some concrete sufficient conditions for
non-negativity of the excess functional when the pressure function takes certain forms.
2.4.1. Monomial Pressure Functions
Consider a radially symmetric pressure function p : B — R? of the form
p(r) =po+p1r’ o> 0.

We will start by using Theorem 2.16 to derive a sufficient condition for E, > 0 in terms of the

value of p;.
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Proposition 2.31. Let p; satisfy

1| < 2j007"2(2—0)" 3, o€ (0,1],
11 <X
2Jo oe[l,0).

ThenE, > 0.

Proof. We first calculate

\rp’(r)] = o lp1| 7,

so, by Theorem 2.16, the excess is non-negative if

—o 2,.2—0 1
r=% +gre°, re[O,J-O],

a.e. re|0,1].
2jort=° re [}Ol] ,

olp1] <
We then seek to minimise the right-hand side with respect to r.
e First consider r € [O, Jlo] Then

d
e (ro+jgrr?)=—or '+ 32—yt 7 =r1t(g2-0)r*-0).

Thus, if 0 < 1, we have a local minima at

g —o 2. 2—0 2_/8 2—0)\2
B2 —o0) Jo 2—0\ o
However, if o> 1, r—r—¢ +j02r2_‘7 is decreasing on [0, Jlo] and so the minimum occurs at
1 . )
r= o = r%4jr77 =29,

e Now we consider r € [}O 1]. Here we have

d
P (2jor1_") =2jp(l—0)r °.

Hence, r — 2jor'=7 is increasing for o < 1 and so we have a minimum at

1
r=— = 2prt7 =2,

Jo

but decreasing for o = 1, where the minimum is at

g

r=1 = 2jor' 7 =2j.
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Overall, we find that the minimum of the right-hand side on [0, 1] is given by

ﬁ(%_a)%’ 06(0,1],

2—0 o

2o, o€ [l, o).
Dividing through by o > 0, gives us the sufficient condition

1| < 2i807 22— 0)"12, o€ (0,1],
11 <
2Jo oe[l,m).

We can generalise this result by using Theorem 2.24 instead.

Proposition 2.32. [et p; satisfy
olpi| <

for some o > 0. Then E, = 0.

Proof. This time we use Theorem 2.16 to get the following sufficient condition.

a

1
- 1 ,2a— 2a
rY% + &reee, re[O,Cé"‘],

olp1| < a.e. re|0,1].

1
\/2C—ro‘_" re [Cé", 1] ,

Again, we minimise the right-hand side with respect to r.

1
e First consider r € [O, C&"‘]. Then

d 1 1
<I,cr + _r2o¢0> _ _O.rfafl+c_(2a_o_>r2o¢fafl _ I,fcrfl (

p c. - (2a —o)r O') :

1
Ca

Thus, if 0 < a, we have a local minimum at

1 o
0Cq |2 P 2a 20— 0\ 2= 1 _
- = - R
' <2a—a> - T Car 20— 0 \ 0Cq (1 —p)l=Ppr

1
However, ifc > a, r— r 7+ érzo‘_" is decreasing on [0, Cé"] and so the minimum occurs
at

L 1 _a
r=CE = T T = 2G T =26,
a
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1
e Now we consider r € | C2, 1} For this interval to be non-empty, we require that o > a™ so

Cq < 1. We then have

i 2 a—o _ 2 . a—oc—1
P <—\/C_ar > = ——(ax—o0)r :

2 A—0C i . .o
Hence, r — \/C—ar is increasing for 0 < a and so we have a minimum at

2

Vo

but decreasing for o = «, where the minimum is at

1 _a
r=Cc% = r*=% =2Cy % = 2C,°,

2 _

= re=% =2C,
Vo

Nl—

r=1 =

_1
Note that, since a > a*, we have C, < 1 and so 2C, 2 < 2Cy” for p > %

Hence, we find that the minimum of the right-hand side on [0, 1] is given by

e’ e (03],
1
2Cq 2, pe |3 o).

O

It is then natural to wonder if we can pick an optimal o for a given o. In other words, we wish to

maximise

with respect to a > 0. With some help form a computer algebra package, we can differentiate K

to find that K/ () > 0 for p < & and K/,(at) < 0 for p > 3. Hence, we have a maximum at p = 3

(i.e: a=0), where

2
K = —.
+(0) T,
Thus,
Ip1| < 2 E, >0 (2.22)
< = = 0. .
P 0v/Co P

For completeness, we shall also try using the critical version of the Hardy inequality as used in

Theorem 2.28.

Proposition 2.33. Let k(o) be the unique real root of the cubic polynomial

po(x) = 40x3 — 120x% + 130x — 50 + 2.
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Ip1]

Figure 2.6: Plot of the optimal upper threshold for |p1| using Proposition 2.32.

Then, if p1 satisfies

1 1 2
p1| < { 7 ( T k(o)>2>' 7c (2 d (2.23)
40 o €[5 )

we have E, = 0.

Proof. We use Theorem 2.28 to get the sufficient condition

1
* 4ro(1 —log (r))?’

g

olpi] <r”

and differentiate the right-hand side to obtain

s 1 1
dr <r T 471 —log (r))2> ~ 4rot1(1 —log (r))3pa(|og "

Thus, if 0 < % we get a local minimum at r = e¥(®) ¢ (0, 1], given by

o 1 _ k(o 1
T eI og (N2 - € " <1 T k(ff))2> '

However, if o > 2, then r — r=7 + W is decreasing on [0, 1] and so the minimum occurs

at r = 1, where
r 7+ L =2
4ro(1—log (r))2 4

O

We note that, for sufficiently large o > 0, we get a better sufficient condition (larger upper bound
for |p1|) by using Proposition 2.32 with an optimally chosen a as opposed to Proposition 2.33 (see

Figure 2.7).
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P11

—— Optimal Hardy
Critical Hardy

Figure 2.7: Plot comparing the upper threshold for |p1| using the optimal version of the Hardy
inequality (2.22) and the critical Hardy inequality (2.23) for varying o > 0.
2.4.2. Logarithmic Pressure Functions

We now consider a logarithmic pressure function p : B — R, given by

p(r) = po + pxlog (r).

We note that, regardless of whether we use Theorem 2.16, Theorem 2.24 or Theorem 2.28, we

get a sufficient condition of the form
p+| < po(r),

where p : [0,1] — R is a continuous increasing function with p(0) = 1. This gives the following

result.
Proposition 2.34. If |p,| <1, then E, > 0.

Logarithmic pressure functions also serve as an example in which we must use the sufficient con-
ditions for radially symmetric functions as opposed to those that allow non-radially symmetric

functions, which are not applicable to such low regularity pressure functions.

2.4.3. Linear Pressure Functions

We shall go over one example of a non-radially symmetric pressure, namely, a linear pressure
function of the form
p(x) = X - x, A e R?.

We can then try to find conditions on A € R? to ensure E, > 0.

Proposition 2.35. /f|\| < jo, then E, > 0.
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Proof. Since Vp = A, we find that ||Vp]||,, = |A|. Then, using Proposition 2.18, we see that

Vel = |Al < Jo is sufficient for E, > 0.

O

This result can not be improved by using Proposition 2.26 instead of Proposition 2.18 since

I A, a<1,
[
© o, a>1,

and a — \/% is decreasing on (0, 1]. Hence a = 1 gives the best sufficient condition using a Hardy

inequality. We also don't get any improvement by Proposition 2.30 as |||x| (1 — log (|x]))Vpll,, =

IA|, also occurring as x — ﬁ and so, by Proposition 2.30, we have

IA] < = E, >0,

1
2

and % < Jo.

2.5. Bounding the Dirichlet Energy in a Constrained Class

We now return to the task of minimising the Dirichlet energy D in the constrained class A,. We

will show that the techniques used to bound the excess functional E, can also be applied directly

to the Dirichlet energy and the constraint to derive lower bounds for D on A,. In this section we

will focus on the example of u being the n-covering map.

U= up:= Le,(n@) neN.

NG

This choice of u, € H(B; R?) satisfies
detVup(x) =1 Vx # 0,

and

D(uy) = g <n+ %) .

Proposition 2.36. Let ve A, . Then
Y 1 ’ 2 ™
D(v) =5 | %) dr+ 5 ),
J>0
and

Zjdet Vi(r) = r? a.e re|0,1].
Jj>0

! RTINS 2
| P+ ol o

(2.24)

(2.25)
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Proof. The derivation of D(v) follows by using (2.3) similarly to the proof of Proposition 2.14. For
the constraint we integrate (2.24) over 6 € [0, 2m) and Fourier decompose using (2.6). This gives

us

2m ;
J
/0 dethdx=7rZ ;(det\/j(r))’.

Jj>0
Hence, we find that
Zj(det Vi(r)) =2r = Zjdet Vi(r) = r?,

J>0 J>0
for almost every r € [0, 1]. Here we use the boundary condition V;(0) = 0 for each j > 0 to do the

integration. O

We again discard information contained in the higher order modes of the constraint to avoid mode

mixing terms that would make calculations more cumbersome.

Lemma 2.37. Let A e WHY(B,RY) be radially symmetric. If we define

1 o
Di(x V) = g/o V(P +J—P(r) V() dr,

R(\) = W/Ol rA(r)dr,

then
1
D(v) > 5D6(A: Vo) + ), Dj(N V) + RN Vv e Ao,

J>0

Proof. We first add and subtract M# ‘\/J(r)|2 in the integrand and then make use of Hadamard'’s

inequality and the constraint (2.25).

O T N N (0 2 JA(r) 2
D(V)_Z/O r‘\/o(r)| dr+§J§)/o r‘\/l(r)] +f{\/1(r)‘ + . ‘\/J(r)‘ dr
1 1 . . .
I[P o I3 [ ool + 2D o+ 20 e ar
J>0
ot - L 2 _ iy 1
:Z/o r‘\/o(r)|2 dr+§J§)/o r‘\/j(r)’2+1+(r)|\/j(r)‘2 dr+7r/0 rA(r)dr.

Our goal is to show that u, minimises D in Ay, so we shall compare D;(V;) with D;(U]") for each

J = 0. Here

U'(r) =6n—=l = D;\U")=0 Vj # n.
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This motivates the restriction of A < A\, where

1+j2r2, re [O,l] :
>\*(f) _ 0 Jo
2jor, re [}Ol] ,
so Dj(A;Vj) = 0= Dj(x; U7") for every j # n. The derivation of this inequality follows similarly to
that in the proof of Theorem 2.16 since we now have Vj(1) = U;(1) = 0 for j # n. We then have

the implication

DX Vy) + R(A) = g (n 4 %) = D)= D(u).

With this in mind, we now seek to minimise D,(A; V) + R(X) subject to the constraint A < .

Lemma 2.38. Let A < A\* be radially symmetric. If there exists a solution to the weak Euler-

Lagrange equation for Dp(X;-), then there is a minimiser of Dp(X;-) in

1q

Vi = {V e Wti([o0,1], R?*?) : /o P V(r)]? dr < oo, /Ol r‘V’(r)‘2 dr <o, V(1) =

L /
Vi)
Proof. We start by defining a space of variations

1 1 5 1 5
Vo = {V e Whi([o, 1], R?*?) : / P V(r)| dr < oo, / r|V(n|” dr <o, V(1) = 0} ,
0 0
and then perturb the energy to obtain
Dp(V) = Dp(VF + @) = Dp(V*) + 2VF, &), + Dp(P),

where the dependence on A is implicit and ® := V — V* € V5 with V* € V,. The bilinear form
(-, >n is defined by

ABw=T [ oA B+ T

] p A(r)-B(r)dr.

Now suppose V* solves the weak Euler-Lagrange equation for D,. Then, by approximating ® € V,

by smooth functions, we observe that
V¥, ), =0 Yo e V.

Since A < \*, we know that D,(®) > 0 for all ® € Vg (see proof of Theorem 2.16 for details).

Hence, we have
Dp(V) = Dp(V* + &) = Dp(V*) + 2V*, ) + Dp(P) = Dp(VF) YW eV,

and so V* minimises D, in V,. O
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It now remains to solve the Euler-Lagrange equation for D,. The Euler-Lagrange equation is given
by

PV + IV (F) — (R — nA(NV() =0 V(0) =0, V(1) = %/. (2.26)

We must also consider the optimal A to pick. To do this, we shall fix V* € V,, and consider the

Euler-Lagrange equation of D,(X; V*) + R(X) with respect to A. We then obtain
g VA2 = 2r = 0. (2.27)

We would like to show that V* = U] is the minimiser. Indeed, we see that V* = U] satisfies (2.27)
and solves (2.26) if
1
A(r)zn—ﬁ a.e. re0,1].
This introduces the main limitation of this technique as

1
n—E>1:>\*(0)2>\(O) Vn> 1.

Thus, with the exception of the identity map (n = 1), we cannot use this method to show that
up, minimises D in A, . However, we can derive lower bounds for D in 4, that come close to the
desired minimisation result for small n. With this in mind, we now take

. 1
Ar) = Xn(r) = mln{k*(r),n;} re|0,1],

SO A < \E.

Figure 2.8: The threshold function A* with dashed lines indicating where \* = n — % for n =
2,3,4,5,6.

Theorem 2.39. Let V, solve the Euler-Lagrange equation for D,(X\n;-). Then

]D)(V) = Dn(An;Vn)‘f‘R()\n) VVEAUH_
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Proof. This follows immediately from Lemmas 2.37 and 2.38. O

As an example, we shall apply this theorem in the case of n = 2. Here the Euler-Lagrange equation

for \, is split into two parts, namely

PV (r) + rVA(r) = 2(1 = Br)Va(r) = 0, re o, 5],
PV (r) + rVi(r) = Va(r) = 0, rel2s1].

with boundary conditions V4(0) = 0 and V4(1) = %/. Under a change of variables s = v/2jor,
the first part of the Euler-Lagrange equation becomes a Bessel equation of order v/2, whereas the

second part is a Cauchy-Euler equation. Hence, we can find a C! solution given by V5(r) = va(r)/,

where
: 1
() = AJ 5 (V2jor) re [O’J'O\/E]
-1 r 1
B (r —r)+$, re[joﬁ,l]
and
A~ 0.707063, B ~ —0.00561494.

These constants are obtained by numerically solving the continuity equation for v» and v} at

r= JO% We then calculate the lower bound in Theorem 2.39 to be
Do(Xo; Vb)) + R(A2) ~ 3.91799 = pD(u»), p ~ 0.997707,

bringing us within 0.223% of the desired minimisation result.






Unbounded Pressure Functions

We have now established sufficient conditions for non-negativity of the excess functional that apply
to bounded or differentiable pressure functions. However, the excess functional is defined for any
p € BMO and does not need to be bounded or differentiable. In this chapter, we will explore new
methods for deriving sufficient conditions for E, > 0 that can be applied to arbitrary p € BMO and
do not rely on boundedness or differentiability. The key idea is to use the fact that det Vo € H!, a
space that is dual to BMO [29,38], for any ¢ € H}. Furthermore, there exists a constant Cs > 0
such that

1
[det Veplly: < 5Cs IVell5 (3.1)
We can then use duality to bound the excess as
1 2
Ep(0) = 5 IVell2 = Cx [Plamo - lIdet Velp

If we pick the norms for BMO and ! according to the duality relation, then the constant is just
C, = 1. However, we will allow for the choice of any equivalent norms, and thus pick up a constant

Cs > 0 that depends only on the domain. Then, using (3.1), we can bound the excess like so:

1 1 1
Ep(p) = > Vel — EC*QS [Plemo IVel5 = 5(1 — C.Cs [plamo) IVl .

This gives a sufficient condition for the non-negativity of the excess functional E; in terms of the

seminorm [plgmo-
Theorem 3.1. Let p e BMO(B) be such that [plgyo < w2 Then
Ep(p) =0 Vo € Hy(B;R?).

It remains to compute the constants C, and Cs to make this result explicit.

55
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3.1. Compensated Compactness

In this section, we will calculate an explicit value for the constant Cs in (3.1). We shall start
by defining the Hardy space H' using the so-called grand maximal function along with some key
properties. We will then move on to the calculation of the constant Cg which arises from a div-curl
lemma.

3.1.1. Maximal Characterisation of Hardy Spaces

We shall start by giving a standard definition for the Hardy space ! and an appropriate norm
[29,38]. We first define a class of test functions T < C* by

T :={$pe C”R?) :suppp < Band |VQ|., <1}.

For each ¢ € T and t > 0, we define the corresponding function ¢+ € C*(R?) by

8 = 50 (3).

Figure 3.1: Plots of ¢; for varying t > 0 and fixed ¢ € 7 in one dimension.

Observe that supp ¢ = B; and
IVoelly = t2IVPll, < t7°.

This allows us to define the grand maximal function which can be used to characterise Hardy

spaces.

Definition 3.2. Let f € L _(R?). The grand maximal function of f is f* : R? — [0, o), defined
by

f*(x) = supsup |(f = ¢¢)(x)] .
¢eT t>0

We can now define the Hardy space H! in terms of the grand maximal function.
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Definition 3.3. We define the space H'(R?) to be the set of all f € L}

loc

(R?) such that f* e L.

Furthermore, we define a norm on H! by

1l = 1771

The Hardy space H! has a number of key properties [29] that are frequently used in harmonic

analysis. One such property is its relation to L!.
Lemma 3.4. [29, 4.2.7] H}(R?) < L*(R?) with

1l < IFllpg -
Next, we note that the functions in 4! have vanishing mean.

Lemma 3.5. [29, 4.2.8] Let f € H'(R?). Then

/R2 f(x)dx = 0.

Conversely, it is worth noting that there exist functions in L1 with vanishing mean that are not in

H!. We also have a relationship between 4! and the LP spaces.

Lemma 3.6. [29, 4.2.9] Let f € LP(R?) for p € (1,0) be compactly supported with vanishing
mean. Then f € H'(R?).

Adgain, if we consider the converse, there are functions in H! which fail to be LP for any p > 1.

3.1.2. The Div-Curl Lemma

It is a common exercise in functional analysis to determine the regularity of a product of two

functions f - g, given the regularity of f and g. This is often done via Holder's inequality.

11
-9l < I, llgllg . R (3.2)

Recall that L! sits strictly inside ! and so replacing the L norm with the H! norm in 3.2 would

give improved regularity. It turns out that this indeed holds under certain assumptions.

Theorem 3.7. [29, 4.2.12] Let f € LP(R?,R?) be weakly divergence-free and g € L9(R?,R?) be
weakly curl-free for p, q € (1, ) such that ;1) + % = 1. Then f - g e H'(R?) with

I gllae < CFNIF N, Mgl
for some constant Cg"% > 0 depending on p and q.

To prove this theorem, we will need to make use of the Hardy-Littlewood maximal inequality [29].
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Definition 3.8. Let f € L}(R?). The Hardy-Littlewood maximal function Mf : R?> — [0, ) is
given by
(MF)() =sup{[F()] dy.
Br(x)

r>0

Lemma 3.9. Let f € LP(R?) for pe (1,). Then

IMEIl, < Cy I,

1
with a bound for the constant given by C}, = 2 (%) .

We now prove Theorem 3.7 following the standard method [16] but ensuring that we obtain an

explicit bound for the constant.

Proof of Theorem 3.7. First note that since g is weakly curl-free, we can write it as g = V¢ for
some £ € WH9(R?). We start by considering an arbitrary ¢ € 7 and then let x € R? and t > 0.

For convenience, we shall make use of the notation

& = ]é iy

We now consider the convolution ¢ = (f - g) = ¢ = (f - VE). Making use of the fact that f is

weakly divergence-free, we can integrate by parts to get

t2 t

_ o=y . ey
(b2 + (F- 9))(X)] = /Bt(x) <i>< )(f(y) V() —<&%)) dy

t

B /B . 9 (X I y) div (F(Y)(€(y) — (&) dy

- N Lo (X‘y) (FO)EW) — ©7)) dy

t3 t
<[ S H0Ew) - @) dy
1 1 ;
<t| L, 7 UWEw) - @) oy

Now let a € (1, p) and pick o’ such that é + % = 1. Then we can apply Holder's inequality to get

1/c 1/0/
1 N xjof Be(x)|
|<¢>t*<f-g>><x>1<;(][Bt(x)rf<y>| dy) (fw ) - (©% dy> -

1/ 1/a/
i o xjaf
-7 (][B o dy> (7[5 GG dy>
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using the fact that [B:(x)| = 7t?. Now let § € (1, g) be such that £ + 5 = 3. Since a > 1, we
know that B < 2, and so we can apply the Gagliardo—Nirenberg—Sobolev inequality [5, 32]

1/a’
(/ €(y) — &5 dy) < CBs (/ IVE(y)IP dy)
Be(x) Be(x)

1/8
because

The optimal constant CéNs for B < 2 has been discussed in the literature [5]. We then have that

1/a 1/B
11
|Be(x)|8 7 CQys <][ IF(y)|* dy) (][ l9(y)IP dy)
Bt(X) Bt(X)
1/e 1/B
= 17 Cys (f | (y)|* dy> (f la(y) P dy>
Bt(X) Bt(X)

Taking the supremum over all ¢ € T and t > 0, we have

(e = (F- 9))(x)] <

13

(F - 9)*(x) < T2 Ceys M(IFI*) () /> M(|g 1) (x) P

Now we integrate and apply Holder's inequality, using %3 + % =1.

o =197k (i 0x) ([ wioPyiaroes)

= wcus o (1) [0 [0 (1) -

Then we can make use of the Hardy-Littlewood maximal inequality (Lemma 3.9) to get the estimate

1/a /P
I7- gl < 72CEs (B 11771,a) (82 10P] )
1/a 8 1/8
= 2By (CH) () I gl
The required constant is then given by
l/a 1B
CP9-— inf 3/2cﬁ CP/OC CQ/ﬁ ’
0 (oc.|[r3])e737r GNS ( HL ) ( HE )
with P = {(c.8) € (1,p) x (L) : 1+ 4 = 3}, H

We can immediately apply this to the Jacobian so that we can bound E,.

Corollary 3.10. Let ¢ € HY(B;R?). Then det Vi € H! with

1
Idet Vel < 5Cs Vel
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Proof. We write det Vo = 3V - cof Vi and observe that Vi € W12(B;R?) is weakly curl-free
and cof Vo € W'2(B;R?) is weakly divergence-free. Hence,

1 1 5
ldet Voollys < SC32 [V@ll; - llcof Vool = 5Cs [ Vel
with Cs := C3°. O
By using numerical optimisation techniques, we can find that the infimum for Cs is given by

Cs ~ 492.451
Cs
1000

800}

o 12 14 1 18 20°
1/ 1/8

Figure 3.2: Left: Plot of m%2C2,s (Cﬁ/La> (Ca{_ﬁ> for varying a, 8 € (1,2) with the curve

é +[l3 = % highlighted. Right: A plot of the same function along said curve, parametrised by

ae(1,2).

3.2. Hardy-BMO Duality

The other key ingredient in the proof of Theorem 3.1 is the duality between BMO and #!, which will
allow us to bound the Jacobian term in the excess functional using a Cauchy-Schwarz-like inequality.
In this section, we shall introduce functions of bounded mean oscillation and their properties, along
with atoms, in the context of Hardy spaces. We will then go over some fundamental results in
harmonic analysis, improving the existing proofs by calculating explicit constants for several bounds.
Finally, we will bring all of this together to derive an inequality for the product of BMO and #!

functions, providing a value for the constant C..

3.2.1. Bounded Mean Oscillation and Atoms

We shall start by defining the sharp maximal function, which will be used to characterise functions

of bounded mean oscillation.
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Definition 3.11. Let f e [}

loc

(R?). The sharp maximal function f* : R?> — R? is given by

F£(x) = sup ]{? F(y) — fal dy,

Bax

where the supremum is taken over all balls B containing x.
These sharp maximal functions are used to define the seminorm for the space of BMO functions.

Definition 3.12. We define the space BMO(R?) to be the set of all f € L}

loc

(R?) such that ff e L.

Furthermore, we define a seminorm in BMO by

[flamo = HfﬁHoo'

We note that [-]gyo is @ seminorm but not a norm as [c]gyo = 0 for all constants ¢ € R. Despite
this, many authors will refer to [-]gy o a@s a norm by working in a quotient space where functions
that differ by a constant are equivalent. For simplicity, we shall not use [-]g\o as a norm. However,

we can still define a norm on BMO, such as

Ifllemo = Iflly + [flamo -

We now revisit Hardy spaces to introduce the concept of atoms, which will play a key role in

showing the duality between #! and BMO.

Definition 3.13. We say ae L1(R?) is a H'-atom if all the following hold:

supp a C B,

1
lallos < 757

1BJ"
/}R2 a(x)dx =0,
for some ball B  R?.
We first note that H!-atoms are themselves in H?!.
Lemma 3.14. [29, 4.3.2] There exists a constant A > 0 such that ||a||, < A for all H'-atoms a.
We can also use H!-atoms to build functions in H!.

Lemma 3.15. [29, 4.3.3] Let (ak)ken be a sequence of H'-atoms and X € £* be a sequence of real
numbers. Then f = Y, .y Akak s in HL. Furthermore, there exists a constant ¢ > 0, independent
of f, such that

1l < Iy -

We will also show that the converse of this result holds, that is, that any function in H#! can be
decomposed into H! atoms, with a similar bound in place. However, before doing this, we will need

to introduce some additional tools from harmonic analysis.
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3.2.2. Covering Lemma and Calderon-Zygmund Decomposition

In this section, we will derive explicit bounds for constants in several results in harmonic analysis.

Before we start, we will first prove a variation of the triangle inequality for later use.
Lemma 3.16. Let A, B, C be subsets of R?> with A and B compact and C closed. Then
d(A C) < d(A B)+diam B + d(B, C).
In particular, if A and B have non-empty intersection, then
d(A C) <diam B+ d(B, C).

Proof. We first need to show that there exists y € B and c € C such that d(y,c) = d(B,C). We

show this by considering infimising sequences y, € B and ¢, € C such that
d(¥n, cn) — d(B, C).
Since B is compact, we can take a convergent subsequence y, — y and so we have
kli_r)noo d (Vn. Cn,) = klinoo d(y,cp) =d(B,C),

using the continuity of d in each argument. Thus, ¢, is a bounded sequence in a closed subset

C of R?, so it has a convergent subsequence Cn, — €. We then use the continuity of d again to
J

establish

d ()/nkj: anj) —d(y,c)=4d(B,C)

Similarly, we can pick a € A and x € B such that d(a, x) = d(A, B). We then define

~
I

d(a,c)=d(A C),
d

Then by the triangle inequality, we have
d(A C)<d(ac)<d(ax)+dXxy)+dy, c) <dAB)+damB+d(B,C).
The second inequality follows from the fact that d(A, B) = 0 when An B # (. OJ

Now we establish a covering lemma, often referred to as the Whitney decomposition, which will
later form the basis for the proof of a Calderon-Zygmund decomposition. This lemma has previously

been proven by Lamm [29] and Stein [38] but without a bound on the scale factor (.
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Figure 3.3: Diagram depicting the triangle inequality for subsets.

Lemma 3.17. Suppose F = R? s closed and non-empty, and let Q = R?\F. There exists a
partition {Qy}ken of Q2 into cubes Qy satisfying

diam Qg < d(Qg, F) < 4diam Qy (3.3)

Moreover, if Q} denotes the cube having the same centre as Qi but with side lengths scaled by

a factor of B € (1, %) then the collection {Q}}ken has the bounded intersection property and
satisfies | ey @F = Uken Qk-

Proof. For the construction of {Q}ken, refer to the proof of Lemma 4.3.4 given by Lamm [29].
As part of this proof, it is shown that neighbouring squares cannot be different in scale by more
than a factor of 4. We will use this observation to construct the densest possible arrangement of
squares and show that it is still possible to construct a rescaling of these squares with the bounded
intersection property.

Now consider an arbitrary square Q € {Qx}ken. We then perform the following iterative procedure:

1. Around the outside of Q, form a layer of n; = 20 squares, each having a side length % of the
side length of Q.

2. Around the outside of the composite square, form a layer of n, = 100 squares, each having

a side length 4% of the side length of Q.

3. Repeat this process ad infinitum.
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Figure 3.4: Diagram showing the first 3 layers formed around Q.

We calculate that the number of squares n; in the L-th layer is given by

n.—4
nL+1—42<L4 +2)+4, no =0,

or, more explicitly,
20
ng = —3

Hence, the total number of squares across all layers from 1 to L € N is given by

(4t —-1),  LeN.

20

N, = = — (4t 3L —4).

We then pick B such that scaling @ by a factor of 3 covers all layers up to L — 1 and a proportion
€ € (0, 1) of the squares in layer L but also such that rescaling the squares in layer L 4+ 1 (or beyond)

does not intersect with the rescaled @. In other words, we take

but must have
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L+1

Figure 3.5: Diagram (not to scale) depicting the right edge of @ along with a square from each
layer from 1 to L +1. The dotted line indicates the splitting of the square in layer L with proportions
€ and 1 — €. The scaling 8 and the proportion € are chosen such that the right edge of Q and the
left edge of the square in layer L + 1 meet along the dotted line after they are both scaled by a
factor of 3.

and the corresponding scaling factor is

L+1
So far, we have shown that for each L € N, there exists a scale factor 3;, such that the set
{Q} }ken, formed by rescaling the squares in {Qx}ken by B1. has the bounded intersection property
(each square intersects no more than N, ; other squares). It then follows that the same result
holds, provided that we take 8 < sup;cnyBr = 3.
Finally, we note that the composite square formed is %Q which sits inside Q since d(Q, F) >

diam(Q). Using the same reasoning, we know that |J,cy QF © Q = Uyeny Q- It is also clear that
Uken @k © Uken Q% 50 we have Uyey Q% = Uen Q- O

We can extend this lemma to obtain an additional estimate on {Q}}ken.

Corollary 3.18. Let {Qxlken, {Q*}ken be given as in Lemma 3.17 with scale factor B € (1,%).
k 3

Then

<% - 1> diam Qy < d(Q%. F) < <% - 1) diam Q} (3.4)

Proof. Consider an arbitrary Q € {Qx}xen and its rescaled version Q*. Using 3.3, we construct

the largest possible Q~ and the smallest possible Q, so that we can guarantee Q~ < Q < QF.
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We then have

dist(x, R%\Q ") = diam Q,
dist(x, R2\Q") = 4diam Q,

for all x € 0Q. Let ¢ := diam Q so §* ;= diam Q* = B6

//’ b \\
-~ ~
. ~
P ~
P ~
. ~
, ~
, N
, N
7
7/
7 \
N\
/7
/ Qt \
7 N
/ \
/ \
y \
y \
\
/
/ 30 \
i \
y \
y \
F \
1 - ~. \
| - ~ \
’ \
! ’
I / \ \
1 / Q- \ ‘
[ ! § & \ 1
| | Q* 1 1
| | 1 1
‘ \ Q | |
| | 3 | |
2 I 1
I 1
| | I 1
1 ! [ 1
| \ ! 1
1 \ / 1
\ \ / 1
\ N 4 I
\ ~ - I
| ~ -

Figure 3.6: Diagram showing the square Q, its rescaled version Q*, and the regions 2~ and Q,
which are constructed to bound €.

Now we calculate

d(Q* F) > d(Q* RAQ ) =6 — (B-1)° — (g _5> 5— (i _ 1) 5

2 26
d(Q* F) < d(Q*R\QT) =45 — (B — 1)% = (g —[3) 6= <% — 1) 5*.
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For future, reference, we shall label the constants that appear in this bound as follows:

3
=——-1
K1 26 )
9
= — —1.
K2 26

Now we can use this covering lemma to prove a Calderon-Zygmund decomposition. Again, we
will follow the proofs given by Lamm [29] and Stein [38], taking additional care to ensure that the
constants can be bounded explicitly. The proof of the Calderon-Zygmund decomposition makes
repeated use of a technique [29, p. 47 and Lemma 4.2.8] to bound certain inner product terms

using the maximal function.

Lemma 3.19. Let f € HY(R?). If ¢ € CX(R?) has support in Bt(x), then

(F.9)l < 2t)° Ve, F*(2) ¥z e Be(x).

Proof. Let z € B(x) and define a ¢ € T by
1
Y(y) = ——¢(z — 2ty).
W) = 2T, # (2~ 2)
Hence, we find that

1 zZ—y 1
(72 20(2) = e [ F00 (252) v = Gt L Femay,

and so
(F, )| < (20)* [Vl I(F # P2) (x)| < (20)° [V, £*(2).
O

We can now prove the Calderon-Zygmund decomposition, calculating explicit bounds for all the

required constants.

Theorem 3.20. Let f € H'(R?) and A > 0. Then there exists a decomposition f = g + b with

b =71 bk, and a countable family of cubes {Cy}en Such that:

1. For almost every x € R? we have

l9(x)| < aX
2. Every function by has support in Cy, zero mean and

/Cb;ﬁ(x)dxécz/ f*(x)dx.

Ck

3. The family of cubes {Cy}ken has the bounded intersection property and, if we set Q =
Uken Ck, we have
Q={xeR?: f*(x) > A}.

Proof. Let f e H'(R?) and X > 0. We shall prove each part separately.
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Proof of (3)

We first set

Q= {xeR?: f*(x) > A},
and note that €2 is open [29]. We then apply Lemma 3.17 to Q to obtain a partition of €2 into cubes
{C}}ken. In particular, Lemma 3.17 allows us to pick constants o, € Rwith 1 < a <f < %
such that, if Ck, Cy denote the cubes having the same centres as C} but scaled by factors of a, 8

(respectively), then Q = |,y Ck and the family {Cy}«en has the bounded intersection property.

Proof of (1)

Next, we consider a positive flat-top bump function £ € C¥ ([—% +§]2) with € =1on [—% +%]2,

so || V€]l,, < =25. We then define &, € C¥(Cy) on each cube Cy by taking

a—1"
£k<x>=s(x‘c"), el

Sk

where ¢ is the centre of C; and s, is the side length of C;. Then we have £ = 1 on C} and

2 1
V&l < 327 - 5

HL

N 4+ - - - - - - - = - = = — - — —
x

("
NIR

|
N
NIR +

Figure 3.7: Side-on view of an example of a flat-top positive bump function &.

We then define a partition of unity {nx}ken on Cy by taking

Mk(x) = S e C2(C),

Zj.il 5]
where the sum in the denominator is always finite due to the bounded intersection property of the

cubes {Ck}keN. Furthermore, we have Zj'il &€ > 1 since the Cj, partition Q. We then calculate

s =|Cil = /C T dx </C M dx < |G| = B°st, (3.5)
k

k
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and

Vée Y21 V¢

”vnkHoo = o0 ] 2
< V€l + lElloo O IIVE (3.6)
j=1
2 1
<oz—l‘g—i_(l—i_NL)oz—l 5

< 2(2+ NL) . ¢

R CEEIEE

The upper bound for Zjﬂl HV@HOO is obtained by considering the worst case scenario as given in
the proof of Lemma 3.17, where we pick L such that @ < 3;. Then 1+ N; of the squares overlap,

and so no more than 1 + N, of the V¢; are non-zero.

Next, we define by by

_ Je, m(x)f(x) dx

br(x) := (f(x) — ak)Mk(x), k- S, mi(x) dx

Thus, bk has support in Cx and zero mean on Ck. Then we define g by

f(x), x¢Q,

g(x) =
Sreq aknk(x), x €.

We can write

~ ~ ~ Nk
ax = / fiodx = (f, k), Nk = ———,
Ck fck ,r’k dX
and so
R IN&Al c 1 ¢
VKl < 1V ilee S— =3
ka medx ~sc s2 s

using (3.5). Letting p = (2ko + 1)%, we observe that Cix < Bys, (ck) and Bps, (ck) N Q€ # & by

(3.4). Then we use Lemma 3.19 to estimate
lakl = |(F. )| < (20)° Vil £*(2) < (20)°cF¥(2) =t auf*(2), Yz € Bps(ck).
Thus, we have

|ak] < aaf* (%), Vx € Ci < Bps, (i), (3.7)
lak] < af*(z) < a, Vz € Bps (k) N Q° # . (3.8)
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We then obtain the bound for g as follows.

lg(x)] = |f(x)] < F*(x) < A< al, Vx e Q,

lg(x)| < 2 lak| Mk (x) < ciA Z Nk(x) = a\, Vx ¢ Q.
k=1 k=1

Bogsi (ck)

Figure 3.8: Diagram depicting the squares Cj, Cy and Cy along with the ball Boys, (Ck)-

Proof of (2)
We now fix k € N and wish to bound b} uniformly in k. We shall consider the cases of x € C and
x ¢ C separately.
First, given an x € Cx and ¢ € T, we define ¢; 4 by
Pep(y) = M(Y)Pe(x — y), t>0.
Then we estimate

IVoroll, < IVl - [Delloe + MKl Vel

V7Kl
< > + [Vl
t
- c n 1
T2 3



3.2. Hardy-BMO Duality 71

Now we consider two possible cases:

e If 2t < si, then we have ||V g < (§+1)t3. Since @4 is smooth with support in

Bt(x), we can again use Lemma 3.19 to obtain

sup  sup
¢eT 0<2t<si

[Lonortmay] < s 0P (§+1) £2r() = ac + 2r(2)
R2

0<2t<si

for any z € B(x). In particular, this inequality holds for z = x € Cy.

e If 2t > s, then we have HV(pmHOO <4(c+2) 5;3. Since @¢,4 is smooth with support in

Boys, (X), where pg = % we can again use Lemma 3.19 to obtain

sup sup
GeT 2t>s)

/]1@2 0t e(yV)f(y) dy’ < (2P05k)3 “4(c+2) s;3f*(z) =4(c+ 2)(2p0)3f*(z),
for any z € Byys, (x). In particular, this inequality holds for z = x € Cy.

Hence, we have

(fnk)*(x) = sup sup
¢eT t>0

[ oot ay] < (e + 22007 o), (39)

since 2pg = B+/2 > 1. We also note that

i1 - g [ oesr | < [ Gravom @0
and so
b (x) < (Fme)* (x) + lak| mi (x) < (4(c + 2)(200) + a1 F*(x), (3.11)
using (3.7).

Now suppose x ¢ Cy and again let ¢ € 7. This time we define 1) 4 by

Yro(y) = () (Pe(x — y) — de(x — k), t>0.

Take t = |x — ck| so the supports of 7, and y — ¢(x — y) intersect (see Figure 3.2.2.). Then,

using the mean value theorem, we estimate

Wy —al _ Bsk
B x—al’V2

for y € Cx and 91 4(y) = 0 for y ¢ Ck. Again using the mean value theorem, we also have

Ve o) < IO Vel - ly — il < (3.12)

(VY o(V)| < IncW)] - [Voe(x = y)| + [Vne(W)] - [de(x — ¥) — de(x — ck)
1
<+ i Vel - Iy — el

- V2 +Bc
~ t3\/§ 1]
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for y € Ci. Furthermore, since ¢ 4 is smooth with support in By, (ck), we can again use Lemma
3.19 with z € By, (ck) N Q€ # F to obtain

ﬁwc) () < 2PV (V2+ BN (3.13)

00 < s (Y5 Vil af

x—ckl /
/7
/
/
/
// Ck
7/
/
/
/
/
/
/
[ ]
Ck
bl

Figure 3.9: Diagram showing the square Cy and the ball B¢(x), with x ¢ Cx. Observe that the two

sets will intersect when t > |x — c|.

In order to bound b}, we will estimate the following integrals:
B0 = | (0l =) = el = a0 Fy)mely) dy,

20) = [ (@ulx =) = delx — aDacnily) dy,

For /1, we have

_ (205K)*(V2 + Bc)X
(] = (oo )] < =25 =

using (3.13). For /5, we have
c1(Bsk)> X

l2(x)] < lak] - |Ckl - [|We.0]l,, <

x — > V2’
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using (3.8) and (3.12). Hence,

3
ASy

bi(x) <sup sup |l —la| < % ((2p)3(\/§+66) + 6163) (3.14)

GeT t=|x—cx| Ix — ckl

Note that we do not have to consider the case of t < |x — c| as here 9o ni and so /; —
/20C fRz bk dx = 0.

Overall, we have

(4(c+2)(BV2)® + arm) F*(x), x € Cg,

b (x) < re?
% ((20)3(v2 + Bc) + aB®) \X—ckk|3' x ¢ Cy,

by (3.11) and (3.14). Now we estimate

/ bi(x) dx < ( 3(V2 +Bc) + C153> A—SE dx
R2\Cy R2\Cy V2 Ix — c?
Asp
< (2p) 3) —k __d
</R\5/\/_(Ck)\/_< °) \/_+'BC+C15>|X—C/<|3 *
L (o2 N [ drdé
ﬁ<( 0)’(V2 + Bc) +C1ﬁ)/ /BSkN_r—r r
1 3
-5 (( 0)3(V2 + Bc) + aB ) (27r>\5 )

\/_—FﬁC + CLB3

5 () IR
ZZ—Z( 3(v2 + Be) +C153>>\|Ck|
o ((20°(VZ+60) + a?)

and then

/R2 bi(x)dx = /Ck bi(x)dx + /R2\Ck b (x) dx
< <4(C +2)(BV2)? + am + 5 ((2p)3(\/§+[3c) + C153>> /Ck f*(x)dx = o /Ck f*(x)dx.

O

3.2.3. Duality via Atomic Decomposition

Next, we will show that functions in %! can be decomposed using #!-atoms and that we can relate
this decomposition to the #! norm. This is a fundamental result in Harmonic analysis with many
proofs given in the literature [29,38]. We will improve upon these results by giving a bound for the

constant that we will refer to as C,.
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Theorem 3.21. Let f € HY(R?). Then there exists a countable family {ay}xen of Hl-atoms and

coefficients {\}ken < R, such that
00]
D IPVER
k=1
where the convergence of the sum is with respect to the H' norm. Furthermore, we have

o0
DA < CollFllge
k=1

Proof. For each j € Z, we apply Theorem 3.20 to f € H*(R?) and A = 2/ > 0. We then get a

countable family of cubes {C{(}keN in a set ¥ and a decomposition
f(x) = ¢ (x) + D (x) = ¢ (x) + X b (),
k=1

for each j € Z. By the definition of the (¥, we observe that ¥*! < (¥ for every j € Z. Now we

estimate

Hl

o0
<CQZ/ f*(x)dx
k=1"C

<l m) [ e

1= &l = 18 < 3[4
k=1

Q

=62(1+N/_)/ f*(x)dx,

{xeR2:f*(x)>2/}

as no more than 1 + N, squares overlap by the bounded intersection property of (¥ = Uken Ci.
Since f € H'(R?), we know that f* e L1(R?), and so

lim ¢ =f,

Jj—+©

in #!. By the first property of Theorem 3.20, we have that |¢/(x)| < ¢ -2/, and so

lim ¢ =0,

Jo—®

in the sense of distributions. Thus, we can write

f= Im g¥v— lim ¢g"
NHJroog Nﬁfoog

N 0
= lm Y =g)+ lim D (I —7)
Nﬁoojzl NH(X)J_ziN

S - g),

JEZ
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where the convergence is, again, in the sense of distributions. We also have
g —g =(F-b)—(F=V)=b -
by (3.2.3.) so ¢/t — ¢/ is supported in ¥ > ¥+ and
|9 (x) = )| < ||+ [FX)] <2+ 2 =32, Vx € R?,

using the first property of Theorem 3.20. Now, for each j € Z, we recall the partition of unity
77{( € CgO(Cj() as given in the proof of Theorem 3.20. We can then write

F= Y D - o

JEZ k=1

Letting B] = BposJ(cf) we define real numbers
>\j,k = 3C1 . 2j ‘Bf(‘ .

Also letting A x = (¢! — g’)nf( we define functions

Ak
Gk =50
K

so the support of A, (hence, aj ) lies in B{( - Ci and

[l .,
sl < 75 2 N9 = o, < 15\

We then have

o0
f= Z Z Aj,kaj,k,

JEZ k=1

and

IR 3@222\9!

JEZ k=1
=3¢ Z 2/ Z 7rp
JEZ k=1

= 37rc1,ooz2f ’QJ|
JEZ
= 37rcl,o[2)22f [{x e R*: f*(x) > 21}]

JEZL

_37rc1p02< Z > [{x e R?: 2t > f*(x) > 2/} .

JEZ \k=—00
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The final line is due to the fact that every set of the form {x € R? : 2*1 > f*(x) > 2/} gets
counted multiple times in the sum, weighted by 2% for each integer k < j. Continuing with the

calculation, we find that

o0
KL 3 X € . = X) >
Z Z ‘>\J ’ < 37TC1)0 Z 2j+1 ‘{ R2 2J+1 > f*( ) 21‘

JEZ k=1 JEZL
= 67rc1p322j [{x e R?: 2% > f*(x) > 2/|

JEZ

< 67rc1p3/ F*(x) dx = 6mc10g || Fllge -
R2

If we additionally had fR2 aj k(x) dx = 0, then we would be done. However, this does not necessarily

hold, and so we will need to modify the decomposition. First, we define

Aj’k(X) = bL(X) _ Z bf—l(x)?'ﬂ((x) i Z Ce,k’f]fl(x), Cox = fRQ )dX
=1 =1 Jre "Ié

Then, using the second property of Theorem 3.20, we calculate

| Awx - b’dx—Z/ U+1r,fkdx+2/ byl dx = 0,

and

SO

Thus, we have
w ~
=D, 2. Ak
JEZ k=1

Next we observe that, for each £ € N, by x # 0 requires that Cfl N C{; is non-empty, and so

supp Ajyk c suppb{( U (supp B A supp nj() U U supp nfl
LeN:C)nCL£D

cclu(@ad)u J g
LeN:C)nCL# D
~ : - [{,2
CBf( = Bﬁs;((c‘,j(), o= <1+2—)

K1

b
V2
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The final inclusion comes from studying the relative sizes of the Ci and Cfl using (3.4) and
Lemma 3.16. We have

k1 diam CFT < d(CT (M) < d(C)T (Y)9),
since ¥ o ¥*L. Hence,
k1 diam ;! < diam € + d(CY, ()°) < kadiam CF,

SO sfl < z—fs,i To obtain boundedness, we observe that nk is smooth with support in 5{(. Thus,

using Lemma 3.19, we have
(25513 ||V
j+1
|

Co| < 2 (b (2) < (b H*(2), Vze Bl

Now consider z € é{; N (Cfl)c # (J such that ’z - cfl‘ > Bre s{< We then have

V2K1
@05’ 1 (150305 ) 2 Mg )
NS - = 2+Bc)+cap’) ———=
| €k| (Bsé+1)2 \/5(( ( ) 1 ) }ché+l)3
~\3 2
< 2(26# ((2p)3(\/§+6c) + c153) (:—D o =g,
using (3.14).
Now we can estimate the A; ;. We first write
Apsc = (F = ame= D, (F =™ mnle+ D cowen”™
=1 =1

(1= S k- bk Sy S
- fnf(x Qitl)c aj "ﬁ( + gj Td(XQJJrl + Z o} k'r]f_l

and so

Ak <24 Db 24 E D =243+ 8) =C 2,

using (3.8) and the first property of Theorem 3.20. Then we define

>
=

1‘

gj,k = S\J";(Z:C-QJ’EJ/;’,

=
>

and observe that:

e The jx have support in B1.
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Figure 3.10: Diagram depicting an arrangement of C{( and Cfl with c{( and Cfl maximally spaced.
Note that they still both fit inside the ball B), and we can pick a point z € BJ n (C}*!)€ such that
‘z — Cé+1‘ > f2. %Where 0 = diam C{< (consider z near the corner of Cfl).

K1

e They have zero mean.

1
| J-k|'

e They are bounded with \éj,k} <
e \We have the decomposition
0
F=>" > Nk
JEZ k=1
Finally, we calculate

2 i [Nkl —;Z

L C Ko 2 K2 >
d= (1 + 2—) | Xjk| <2rC <1 + 2—) 05 I Flls
ez k=1 3a F1 M

k=1

O

Now that we have the atomic decomposition of H! functions, showing the duality between BMO

and #H! is almost trivial.
Theorem 3.22. The space BMO is the dual space of H' and, in particular,

/ fgdx
R2

< G [l - [9]emo VfeH! geBMO.




3.2. Hardy-BMO Duality 79

Proof. We start by taking the atomic decomposition of f, writing f = >}, Axax. Then we calculate

/ fgdx=2>\k/ ax(g9 — 9gs, ) dx,
R2 P By

where By is the ball in which a, has support. We then estimate

’/ ak(g — gg,) dx
]R2

’/ fgdx
R2

< ][ |9 — 98,| dx < [9lgmo -
By

Hence,

< >l - [9lemo < Cellfllag - [9]amo -
K

O
20 40 60 80 100
T T T T T
20 20
4.8x10132
a0l 40 3.9x10132
o 2.9x 10132
-
1.9x 10132
60 60
1.0x 10132
0
80 80
100 - 100
20 40 60 80 100
Lg

Figure 3.11: Plot showing the value of C, for various values of L, and Lg.

The constant C, is entirely determined by the choice of o, € (1, %) in Theorem 3.20. Due to
the layered construction in Lemma 3.17, we pick o and 8 by specifying Lo, Lg € N and taking
a =L, and B =P, Toensure a < B, we shall also take Lo < Lg. Trying different values for
Lo and Lg, it becomes clear that taking lower values for L, and Lg allows us to obtain a smaller
C4 (see figure 3.11). This is somewhat counter-intuitive and is likely due to a lack of optimality in

some of the estimates we have used.
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Instead, we consider only L =1 and takea =08 =1 = %. We then obtain
1797408

129044037529

It should be noted that this constant could most likely be reduced by improving the estimates used

Cy (4219775450749582585 + 6067062115609586\/5) 7~ 1.85025 x 10

in the duality proof and its dependencies. In particular, optimising the layout used in the proof of

Lemma 3.17 to reduce the growth rate of N; would lead to a much smaller value for C,.

3.3. Examples

In this section, we apply Theorem 3.1 to some one parameter families of pressure functions. This
will allow us to derive some sufficient conditions, given in terms of parameter bounds, for which
the excess will be non-negative. Now that we have estimated all the required constants, we can
write Theorem 3.1 as

[Pleo <C = Ep>0

with C ~ 1.09751 x 1017,

3.3.1. Monomial Pressure Functions
We first consider an example of a bounded pressure function p : B — R, given by
p(x) = |x]7, xe BcR?

for a constant o > 0. We then seek sufficient conditions on A for the excess Ey, to be non-
negative. We will take advantage of the additional regularity of p to bound [plgyo- If 0 = 1, then

p e Wh® and we can estimate

Ip(x) — par| dx = 1 [p(x) — p(y)| dx
B’ B’

< £ IVp(6)] - b=y dx
< diam(B) |[Vplg|l,, < diam(B) ||Vpl|,, = 20, VB < B,
using the mean-value theorem with y, £ € B’. Hence,
[plemo < 20, o>1

However, if o < 1, then p ¢ W%, but we still have p e L®. We instead estimate

1. 1o = parl dx < £ o0l + fpar| dx

][, p(x)dx

< £ 1000l dx-+ £, 1p(6)] dx < 2 plerl < 2ol = 2

=1 POl dx +
B/
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and so

[p]BMo < 2, o> 0.

In this case, we can see that we get no improvement using the W1 estimate. A sufficient condition

for Exp = 0 is

C
A<\ = ~ 5.48753 x 10718,
[p]Bl\/IO

3.3.2. Logarithmic Pressure Functions
Now let p : B — R be given by
p(x) = log (|x]) x e B c R?

We first calculate pg,(x) for some ball Br(x) < B. However, due to radial symmetry, we need only

consider x = te; for t € [0, 1]. We also observe that
B/ (tey) c B <« t+r<1.

Then

1
Tr2

r 27
// log (|ter + Fer(6]) FdOdF
o Jo
1

roop2m
= log (t* + 2tFcos () + F?) FdO dF.
27”2/0/0 og (t* + 2tFcos (0) + 7*) Fdo dF

pBr(tel) =

We then take out a factor of t and change variables using s = % to obtain

t2 r/t p2m ) 1 )
PB, (ter) = W/o /o log (1 + 2scos (0) + s*) sdfds + §|og (t%).

We now consider the inner integral
2T
/ log (1 + 2scos (8) + s?) dO = I(s) + I(—s),
0

where .
I(s) := / log (1 + 2scos (6) + s?) d#, seR.
0

By substituting 6 — T — 6, we observe that /(s) = /(—s). We also have
U
I(s) +I(=s) = / log ((1 + 2scos () + s?) (1 — 2scos (9) + s%)) df
0
U
= / log ((1 + s?)? — (2scos (9))?) dé
0

™
log (1 — 2s?cos (260) + s*) d@

S—

1(=s2) + 1(s?)
— s

1 2T
5/ log (1 — 2s%cos (0) + s*) df =
0
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using the double-angle formula 2cos? (6) = 1 + cos (28) and a change of variables 8 — 2. Then,
since /(s) = I(—s), we have
1
I(s) = 5/(52), Vs eR.

I(s) = =1 (s*), VneNp, VseR.

I(s) = lim =/ (s*") =0, Vs e (0,1),

and so /(s) = 0 for s [0, 1]. If instead s > 1, then £ € (0,1) and so / (1) = 0. Thus,

1 g 2 1
OZ/(E) :/o log <1+;cos(9)+s—2> dé

™
/ log (1 + 2scos (8) + s?) — log (s?) d6
0

= I(s) —27log (s) = I(s) = 2m7log (s), Vs > 1.
Hence, we have
0, se[0,1],
2mlog (s), s> 1.
Then, using the fact that

t2 I’/t
PB, (ter) = W/o I(s)sds + log (t),
we find that
log (t), r<t,
PB,(tey) =

log (r) + 3 ((5)2 - 1) , r>t.
Note that the case of r < t could also be obtained by using the mean-value property of harmonic

functions as Ap = 0 in this region.

To calculate [p]gpmo We need to evaluate the integral

1 r 2T ~ _ _
F o 1pl0) = peeen dx =25 [ [ Ip(ees + 7e6) ~ b ey | P0G,
B/ (ter) = Jo Jo

in the region t + r < 1. We shall partition this region into two triangles,

T-={(t,reR?:t+r<1

, 0<
TH={(t.nNeR?:t+r<1,0<t<r}.

~

<t}

We then consider each region T+ separately.
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o Let (t,r)eT~. Then
1 [ t? + 2tFcos (9) + 72
J— = | ~ ~
][Br(tel) ’p(x) PB,(re1)| dx 52 /0 /o 0g ( 2 ) Fdedr
1 a pr2w 5
= I 142
27ra2/o /o |log (1 + 2scos (9) + s°)| sdeds,
using the change of variables s = % and defining o := £ < 1.
o Let (t,r)eT™. Then
][ IP(X) = PB, (tey)| dx
B,(tel)
1 roem t2 + 2tFcos (9) + 72 t t\?
= I 2| - —1- 17 7
27”2/0 /o og< 2 >+ 0g (r) <r> + 1| 7dédr
1 a 2m 5 5 5
= I 142 I ) —a” 1
27roc2/0 /o |log (1 + 2scos (8) + s%) + log (a™?) — a2 + 1| sdfds,
using the same change of variables s = % but now with a > 1.
If we now define h: [0,00) — R by
0, z<1,
h(z) =
log (z72) —z2+1, z>1,
then we have
1 a 27 5
= log (1 +2 h :
[Plamo 2;% 27roc2/0 /o |log (1 + 2scos (6) + s°) + h(a)| sdfds
The supremum is attained at a = 1 (where t = r and we are at the interface of T*) and so
1 1 2m
2
[Plemo = —/ / |log (1 + 2scos (6) + s°)| sdfds
2m 0 0
1 1 i
= —/ / |log (1 + 2scos (8) + s°)| sdfds.
T Jo Jo
Now, let 8(s) € [0, 7] be the unique solution to cos (8(s)) = —35 for s € [-2, +2]. We can then

write

[P]BMO

1
T
1

1 1 9_(5)
= / / log (1 + 2scos (9) + s?) sdods
TJo Jo
1 pm
/ / log (1 + 2scos (0) + s?) sdfds
0 Jé(s)

— /1 sli(s) — sh(s)ds,
0

™
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0.45+

0.40 -

0.35F

L L " 1 L " | 1 a
2 5 10 20 50 )

Figure 3.12: Plot showing the required integral for varying values of the parameter a > 0.
where
Iog (1 + 2scos (6) + s?) do,

us

Iog (1 + 2scos (0) + s?) d6.

\o\

0(s

Integrating by parts, we find that

1
[Plgmo = % [s°T1(s) — 5272(5)]3 — %/o s211(s) — s%Ih(s) ds.

Then, since

dde (Iog (2 + 2cos (8)) 6 — 2log (1 + €) + (%92 + 2Lio (—e'9)> /') = log (2 + 2cos (0)),

we have

where ¢ := 2J(Liz (w)) > 0and w = e% . Here Lis (+) denotes the dilogarithm [12]. The derivatives

are given by

/ 25 + 2cos (6) 40
o 1+ 2scos(0)+s2 '

/ 25 + 2cos (6) 40
d(s) L +2scos (0) +s2
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Note that, due to the definition of 8, the endpoint terms vanish. Focussing on 7}, we have

(s - l/é(s) 1+ 2scos (0) + 52 + (s — 1) 46
! s Jo 1 + 2scos (9) + s2

(s) _
) _/ sc—1 4o
s sJo 1+ 2scos(f)+ s?

5(s) 1 /\F (2= 1)(1+ ) 2

I
_|_

— 4 - dt
s % 0 (1+s2)(1+t2)+2s(1—t2) 1+ t2

- 24s

- /25 o1 dt
s s /o (s+1)2 + (s—1)2t2

(s) 2[ _1<5—1>]V% 6(s) 2 _1<s—1 2+s)
= —+ —(tan t = — + —tan .
s s s s s

+1 0 5

Similarly, we find that

for almost every s € [0, 1]. Now using the fact that
d (3 1 s—1 [2+s 3 s
— | Zsa/4 — 52 4 Z5%tgn L — Zian | —=——
d5< ° 5+25 an <5+1 2—5) 2an Va4 —s2

_ tan-1 s—1 [2+5s
B s+1V2—s)"

we calculate

L 1 s 1 /2+s
[Plemo = %_%/o 0(s )SdS—; tan <5 1 2_5> sds
L 1 \/§ T T \/§ 1
— - _ (X)) - — — ~ 0.428136.
- 7r<4+6> 7r< 4) o —|-3 0.428136

Thus, a sufficient condition for Exp = 0 is

C
A< Ay = ~ 2.56345 x 10717,
[P]BMO

3.3.3. Linear Pressure Functions

For an example of a non-radially symmetric pressure function, we shall return to the linear example,

given by
pa(x) =X x x e B c R?
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with parameter A € R2. Since this pressure function is harmonic everywhere, we can use the mean

value property to simplify calculation of [px]gyp. We have

[Palemo = sup ][ [PA(X) — pa(x0)| dx
Br(xo)cB Br(xo)

2m
= sup — /I>\ (X0 + per(0)) — X - xo| pdpdf
B(xo)cBTFf

2m
= sup / A€ p’>dpde
ref[0,1] 7W2 | )l

r 2m

= sup — sin (6 +arg\)| do
ref0,1] 37 Al

A 27
=| |/ |sin (6)| dé
RN

- A,

making use of the substitution 6 — 6 — arg A. Hence, a sufficient condition for E,, >0 is

3rC
A < Ay o= % ~ 2.58594 x 10717,

3.3.4. Non-Differentiable Pressure Functions

One of the main advantages of deriving sufficient conditions for non-negative excess using Theorem
3.1, as opposed to other estimates, is that it can be applied to pressure functions without restrictions

on the derivative. As an extreme example, we consider the Weierstrass function [25]

W b( Z a"cos (b"Tt), teR,
n=0

with parameters a € (0,1) and b € N odd satisfying

3T
b>1+ —
ap > +2

We then define a pressure function p: B - R
p(x) = Wap(|x]), x e B c R?.

This pressure function is bounded but non-differentiable almost everywhere in B [25], making it
impossible to apply estimates that require bounds on the weak derivative of p. However, we can

again use the L® estimate
2

_a-

[Plemo < 21pllo, = 1



Necessary Conditions for a Non-Negative Excess

In the previous chapters, we have explored a variety of techniques for deriving sufficient conditions
on the pressure function p so that E, > 0. In this chapter, we shall instead turn our attention to
deriving necessary conditions on p. This will gives us an idea of when excess functionals can be
used to solve constrained optimisation problems and when we must seek out other methods. To
obtain these necessary conditions we will consider E(¢) for a specific ¢, one that is inspired by

the sharpness of Hadamard’s inequality.

Proposition 4.1. There exists a partition BT of B such that

][+pdx—][ pdx
B _

Proof. Consider ¢ € H3(B;R?) such that Vi € O(2) almost everywhere (we shall assume existence

E, =20 = < 2.

of such a map for now). Then we define
B* := {xe B:detVy(x) = +1}. (4.1)
Since  — det Ve is a null Lagrangian, we observe that

O=/detV<p|aBdX=/detV<de=/ dx—/ dx = |B*| - |B7|,
B B B+ B-

and so |B*| = 1 |B|. Now we calculate

1 1
Ba(o) = [ 14 plxs: —xs )ax =181 (145 f, pax—2f pax).

Thus, we require
][ pdx —][ pdx = —2.
B+ -

Now we define /% := diag(1, +1). Repeating these calculations but replacing ¢ with /~¢ yields the
same results but with the roles of the BT interchanged. Hence, we obtain the necessary condition

given in the statement. O

87
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This inequality has previously been used in the context of piecewise constant pressure functions [10].
We will later apply this technique to some one-parameter family of pressure functions as an example.

With this in mind, it will be useful to see how scaling the pressure function affects this condition.

Corollary 4.2. Let B be as in Proposition 4.1. Let p : B — R satisfy
7[ pdx — f pdx
B+ -

2

K=

Then

In the case when k = 0, the necessary condition is trivial.
Proof. Substituting p — Ap into the necessary condition in Proposition 4.1, we obtain

][ Apdx—][ Ap dx
B+ -

<?2 — Ak < 2.

O

To proceed, we will need to establish the existence of a ¢ € H(B;R?) satisfying Vi € O(2) as

used in the proof of Proposition 4.1.

4.1. Potential Wells and Partial Differential Inclusions

To make use of Proposition 4.1, we require a @ solving the partial differential inclusion

Ve(x) e O(2), ae. xeB,
p(x) =0, x € 0B.

(4.2)

This PDI is a specific example of a more general PDI, namely, the problem of potential wells, given
by
Vo(x)e U, AiSO(2), ae xeQ,

©(x) = po(x), x € 0S2.

where Aq, ..., A, are 2 x 2 matrices and the A;SO(2) are referred to as wells. In (4.2), we have
just two wells, SOT(2) := SO(2) and SO~ (2) := /= SO(2). The existence of solutions to (4.2)
has been established [18,40] not just for the domain B < R?, but for any open domain Q < R”.

(4.3)

Theorem 4.3. [18, 7.28] Let @q : Q — R" be a piecewise C' function satisfying

IIVeolall,, < 1.
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Then there exists a dense set of solutions ¢ € WY*(Q; R") to

Vo(x)e O(2), ae xeQ,

©(x) = @o(x), x € 0S2.
Clearly g = 0 satisfies the requirements for this theorem and so we have the existence of solutions
to (4.2) even if we change the domain. The ability to solve on an arbitrary domain is of significance
as it may be easier to construct an explicit solution on some domains when than others. If, for

example, we can construct a solution on a square domain Q = [—2, +2]2, this will be enough to

derive a necessary condition for non-negativity of E,.

Proposition 4.4. Let ¢* : Q — R? solve

Ve*(x) e O(2), a.e xeQ,
©*(x) =0, x € 0Q,

(4.4)

where Q = [—2,+2]2. Let {Q;}", be a collection of pairwise disjoint square subsets of B with

centres x; and side lengths £;, respectively and define P : Q — R by

P(y) = ép <x,- + %y> :
Then
B(0)>0 = |f Py - f Pr)oy| <2m (4.5)

Proof. We start by defining ¢ : B — R? by
a 4
o) = Y0 (30— xo.00)
i=1 !

Due to the boundary condition in (4.4), we conclude that ¢ is continuous. Then, using the PDI,

e (o)

- [ 1 {
=% [ 5190 007 b (x+ ) cer Vot () oy

we have

2

L

+ p(x) det Vo™ <i(x - x/)> dx

_ i/Ql +p (x,' + %y> (Xo+(¥) —Xxq-(¥)) dy

0l (m+ 3£ Py -3 £ Poay),
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with a change of variables given by y = x; + % on each of the Q;. Here we have used a similar

notation to that of (4.1), noting that |Q*| = 1 |Q| = 8. Thus, we require that

]€)+ Ply)dy = ][_ P(y)dy = —2m.

We can get the other side of inequality (4.5) by swapping ¢* with /~¢* which interchanges the
role of QT with Q. O

Note that the right-hand side of the necessary condition is proportional to m, which suggests that
we may get improvements in the bound by using fewer squares (small m). We can also derive an

analogous version of Corollary 4.2.

Corollary 4.5. Let Q% and P be as in Proposition 4.4 with P satisfying

K= ‘iﬁ P(y)dy—][P(y)dy’,

2m
EAp >0 = |>\| < ?

Then

In the case when k = 0, the necessary condition is trivial.

Proof. The proof is almost identical to that of Corollary 4.2, the on;y difference being that Pro-
position 4.4 is used instead of Proposition 4.1. O

It remains to construct an explicit solution to (4.4).

4.2. Constructing Measure Preserving Maps

We now seek to construct an explicit solution ¢* to (4.4). The case of a three dimensional square,
more generally any bounded set in R3, has already been covered [14] and so we shall try to adapt

this to work in two dimensions.

Theorem 4.6. [14, 3.1] Let Q < R3 be an open, bounded domain. Then there exists a Lipschitz

continuous map ¢ : Q — R3, with Lipschitz constant one, such that

Vo(x) eR<=SOT(3)uSO~(3), ae xe9Q,
o(x) =0, x € 092.
Given an x = (x1,x) € R?, we define the functions |X;| (x),|Xs| (x) to be the smallest and

largest values in (|x1], |x2|) respectively. These are continuous functions that are invariant under

permutation and taking absolute values of the entries of x.
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Next, we define the functions /,s : R? — {1,2} to give the position of the smallest and largest

values in (|x1|,|x2|) respectively. Note that these functions are locally constant.

Now define fx : R — R (for k € Z) by taking f; to be the 1-periodic extension of
t—min{t,1—t}, te]0,1],

and

1
fi(t) = = fi(251t) .

We observe that these are all even continuous functions. We then define a function ¢! : %Q — R?
by

1(x) = min{f(1X;] (x)), A (1Xs] ()},
R(IXs| (x)),  IXil (x) +1Xs| (x) < 1,
(Xl (), Xl (x) + X (x) = 1.

One can verify that ¢! is Lipschitz on %Q. We now establish a key characteristic of ¢! that will

be needed for the construction.
Lemma 4.7. For all x; € (—1, +1), we have p*(x1,1) = p'(x; mod 1, 1).
Proof. Taking x = (x1, 1) with x; € (=1, +1), we have
[Xil (x), = Pl
[Xs| (x), = 1.
Thus we obtain
ei(x.1) = min{fi(lxul), A (1)},

(1) Ixi| =0,
©5(x1, 1) =
fa(|xtl)  [xa| > 0.

Now we use the that f, /> are non-negative, even and satisfy

Hence

¢1(x1, 1) = min{fi(1x]), 0},

0, |X1| = O,
03(x1,1) =
B(Ixal),  [xal > 0.
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Finally, we have
(Xl, 1) = 0,
(Xl, 1) = fQ(Xl).

o1
03

Clearly @*(x1,1) = fa(x1)es is 1-periodic (in fact %—periodic) in xi. O

We also calculate
1. . 1

sup {‘(p}(x)} IX € EQ' J€E {1,2}} =5
and
+sgn(%i0)eicor ool + g <1,
—59n(Xs(0) €500 i | + sl > 1,
f(xs00)est [Xioo| + sl < 1.
(i) €ico,  [Xioo| + ol > 1.
Since |f3(t)| = 1 for t ¢ £Z, we have V'(x) € O(2) almost everywhere. We now define the

function ¥ : 2Q — R by

{@(XS (X)), IXil () + [Xs] (x) <
P1(x) =
BOX] (), 1Xi] () + [ Xs] (x) =

Nl— Nl

P2 (x) = min{H(|1Xi] (x)), 2(|Xs| (x))},
for x € Qs, and
BIXil (X)), Xl (x) + [Xs| (x) <
B(IXs (x), Xl (x) + | Xs] (x) =

Pa(x) = max{fa(|Xi[ (x)). 22(IXs] (x))},

Y1(x) =

Nl—= NI

for x € Q;, where Q;, Qs are the sets for which x> is the smallest and largest in absolute value in
{x1,x2} respectively.
Qi = {(x1,x) : x| < [xl},
’ (4.6)
Qs 1= {(x1, %) : x| = [xal}.
Again, one can verify that 9 is Lipschitz on %Q. Furthermore, 1 posses a number of other useful

properties.

Proposition 4.8. The function 4 has the following properties:
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1 (x, %) = d(Ixl, ).
2. ’([J(Xl,XQ) = ’([J(XQ,Xl).
Proof. This follows directly from the properties of |X;| and | Xs|. (]

Now we calculate

1. . 1
sup{’zpj(x)’ CXE ZQ' JjE€ {1,2}} =5

and
Vap (x) = R(xsp)escr Xl + [Xseo| < %
fs((Xi(x))ei(x)v }X/(X)| + ‘Xs(x)‘ > 3,
Vio(x) = f3(Xi(x)) €i(x) }X/(X)| + \XS(X)\ < %
fQ/(Xs(x)>es(x)r }Xi(x)| + ‘XS(X)‘ > 3,
for x € Qs, and
Vi (x) = f%(x’(x’)e’(x) ol + b < %
f(xsp0)esx) [ Xioo | + [Xseo| > 5
V'l,bg,(x) _ f2:(Xs(x))es(x) ‘Xi(x)‘ + ’Xs(x)} < %,
(X)) € |Xioo| + [Xseol > 5

for x € Q;, so Va(x) € O(2) almost everywhere in 2Q. We will need to establish some relationships

between ¢! and 1) that will ensure the resulting construction is continuous.
Lemma 4.9. We have the following properties of @' and :
1. ¢*(x1, 1) =9 (xy mod 1 — %, 0).

2. Forall & € [—%, +1], we have

Wr1(61,0) = 29, (%51 + % %) |

where the indices are taken modulo 2.
Proof. For the first part, consider an arbitrary t. We then have
Bt 1t <3,
f(0), It =3,

Pa(t, 0) = min{£(0), Ka(|t])},

Y1(t,0) =
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for (t,0) € Qs, and

oty 17O s

NI= NI

f(It)), t] =
Pa(t,0) = max{£2(0), (| ¢[)},

for (t,0) € Q;. We also note that
£2(0) = f3(0) = 0.

Taking t = x; mod 1 — % € [—% +%] then

(t,O)eQ? — t=0,

(t,0)e Q7 «— t #0,

and thus we obtain
for t =0, and

for t # 0. This can be written more simply as just ¥(t,0) = f>(t)e2. The proof then follows from
the fact that > is %—periodic and so

f(t) = fa(x1).

Moving on to (2), we have already determined that ¥(&1,0) = £(&1)ep, for any &; € [—% +%]

Also, for any x; € [—% +%] we have
1 B(3). bal=0,
(21 (le 5) = g
fa(xl),  al =0,
1 _mind £ p 1
Y2 (x5 ) = min 2([x1l), 2 5]
1 f3(Ixl), [al =0,
(21 (Xl, 5) = .
f3(5).  |xal =0,

ve (5 ) = max{ . (5) |

for (x1, 3) € Qs, and
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for (x1,3) € Q;. We simplify in a similar manner to the previous part and find that ¥ (x, 1)

f3(x1)e1. Now, taking x; = %51 + %, we have

" (%gl . %) _s <%51 ; %) = 26(E) = 392(61,0)

and o (361 + £, %) =0 = 341(£1,0), completing the proof.
We now define the layering function £! : R x [—3, +3] — R?, by
1 1
£ (x1, %) =% | x1 mod 1—§,x2 .
We immediately observe a symmetry of £1.

Lemma 4.10. We have £1(x1, x2) = £*(|x1] . [x2]).

Proof. This follows directly from the properties of 9 and the fact that

More specifically, we have

Next, we define £7 : R x [, +3] — R?, by

1
2n—1

Zn(Xl, Xg) = £1 (2n_1X1, 2n_1X2)

for each n € N. Then Lemma 4.10 extends to all the £7. We also obtain an important continuity

result for the £".

Lemma 4.11. For each n€ N, we have
n+1 __pn 1
271 (x1,0) =4£] Xl’? :

where the indices are taken modulo 2.
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Proof. We calculate
n+1 1 1/An
K (Xl, O) = ge (2 X1, O)
1 1
= FP <2”X1 mod 1 — 5 O)

1 1/, 1\ 11

using Lemma 4.9 (2). Here T denotes the linear operator corresponding to the permutation (12),

that is,
B 01
~\1 0/
Then
1
2" (x1,0) T(zn 1¢<§ (2"x; mod 1)§>>
fT 2n 1 2n 1
ACEL G
Now, since

e (t3) = Ale

is %—periodic, we can conclude that

; 1 1
2" (x,0) :T(Qn_lel (2 1X1'§>)

1
= Tﬁ” <X1, 5) .

We now define the layers L", for each ne N, by

2 1 ”11
Ln:{xl x2) Z—k\ Z2kand [x1] < |X2|}

k=0 k=0

={(x,x):2-22""< x| <2-2""and x| < |x|}.

We have already defined ¢! on £!. We further define ©” on L£" by
n—2 1
©f (x1, x2) = £~ (lnﬂ) (Xl. x| — Z 27)
k=0

for each n = 2. The L" only cover half the domain but we will be able to use some symmetry to

extend the construction to the rest of the domain.
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Proposition 4.12. We have the following property of ©":
©"(x1,x2) = ¢"(Ixal, [xl).
Proof. If (x1,x2) € L", then |xo| — ZZ;% 2% >0 so
n—2 n—2
1 1
|X2|—22—k= |2|—22—k
k=0 k=0
The result then follows from Lemma 4.10. O
We will need to establish continuity of the ¢ as we go from one layer to the next.
Lemma 4.13. We have continuity from "~ to ", in the sense that
n—2 n—2
1 1
( 2 7) = ( ») 7) nz2.
Proof. We first observe that
n—2 n—2 n—2
1 _1 1 1 _1
“ <X1 ?) &= (n+1) (Xl 2%~ 2 ?) = G ne 00.0)
k=0 k=0 k=0
and )
n—
1 1
-1 -2
(pjn (Xl Z ?) = Jn—n <X1 2n—2>
k=0
The proof then follows from making the substitution
ne—n-—2,
r—j—n,
in Lemma 4.11. [l

We then extend each ¢” to the (square) annulus
{ n—2 1 n—1 1 }
i 2% < oK
par i

where |x|,, := min{|x1|, [x2|}, by setting

HM

©"(x) = @"(IXi] (x). [Xs] (x)),

which will not break continuity. We also calculate

sup{’(pf(x)’ X €E A"} < 5
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To compute the gradient V" at almost any point x = X (excluding the null set formed by the

boundaries joining the various pieces), we recall that there exists integers
T=1i(X), 5 =5(x),

such that ¢"(x) = ¢"(x;, xs) for all x in a neighbourhood of X. We then calculate the gradient

with respect to (x7, xs) to be
n—2 1
Vis0] (x7, X5) = VT,§£§':(%7+1) (x;, |xs| — Z 27)

1 n—2 1
1 -2 -2 2

1

_ _ 1
= V7,§2n,2"/)j—(n+1) (2” °x; mod 1,272 <|x§ - Z ?>>

= VT’gzpj_(,,H)(&, 55) R

almost everywhere, by the chain rule. Here

n-2 1 1 0
ey _ [ on2,. =2 [ — N = =
(&7.¢5) (2 xp mod 1,2 (‘XS, ;O 2")) S (O sgn(x§)> |

Then there is a permutation matrix P (depending only on n) such that
Vis0" (x5, x5) = Vis9(&7.€5) - PX e O(2).

Finally, we define ¢* : Q — R? by

©*(x) = > 0" (x)xan(x),

neN

which is Lipschitz and satisfies all the desired properties.
Theorem 4.14. The map ™ solves 4.4.

Proof. We have already established that ¢* satisfies the PDI. We have also shown that || < L

on—1

on A" and so p(x) — 0 as x — 0Q. |

Due to the reduction in dimension from three to two, there are a number of simplifications that
can be made in this construction that will make calculations easier. Firstly, an equivalent form for
ol 1Q — R2 s given by
01(x) = min{fi(]xl). A(x))},
1 A(IX] (), Ixly <1,
R(IXi (X)), Ixlp =1,
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where |x|; :=|x1]| + |x2|. For ¥ : %6—» R, we have

ly
P1(x) = i
2

o) = | MR RO} bal < bel

max{f(Ix1]), 2(|Ix2))},  |x| =[xl .

We can expand the conditions for the pieces to get

1 Alxl),  Alxl) < fillxl),
pi(x) =
fi(lxel), flxal) = fllxl),
L B(xal), Ixly <land [xi| = [x| or |x[; = 1and x| < |xf,
w3(x) =
H(x]), [xly <1and |x1| <|xo| or |x|; =1and |x1| = |x],
Bxl), [xl =3,
P1(x) = i
fa(xel),  Ixl; < 3.
Do) B(xl), f(xl) < f2(lxl) and |[xi| < [x| or Ka(lxi|) = fa(lx]) and [x] =[x,
5(x) =
B(lxal),  f(lxl) < 2(lxl) and |xi| = [x2| or Ka(lx1|) = fa(lx]) and [x] < |x2f .

Focussing on the conditions in these piecewise expressions, one can verify the following equivalences

fi(lxi]) < Ai(lx]|) < |x|; <1and |xi] <|x| or |x]; =1and |xi| = ||,
f1(|X1|) > f1(|X2|) — |X|1 < 1 and |X1| > |X2| or |X|1 > 1 and |X1| < |X2|,
1
Ix]; = 5 = fa(|x2l) and |xi| = [x2| or fa(|x1]) = fa(|x1|) and |x1| < [x2|,
1
Ix]; < 5 = Hr(Ix2]) and |xi| < |[xof or f(|x1]) = fa(|x1|) and [xi| = |xof .

Since the f are all even functions, we can drop most of the absolute values and simplify as follows:

(A(x1), B(x)". Ixly <1and x| < x| or [x|; =1 and x| =[x,

1
P (x) =

(f1(x2), 7C2(X1))T, Ix|; <1and |[xi| = |x2| or |x]; =1and |[xi] < |xof,
pe) = | (B0 Rl b > 5

(Be) AT, Ix <3
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If we now assume that x € £ := | Ji—_; £", we can simply write

(A(a), RO, Ixl; <1,

el(x) = .
(), b(x)) , bal =1,
D) = (3(x1), f2(X2)): xly = 3,
(B(x), h(x) . Ixly <3

We then calculate the gradients to be

(x 0
1(x1) x|, <1
0 f’ X2
V! (x) = 9 2be)
0 ! X2
1(x2) X, > 1
f3(x1) 0
\
3(x 0
30) x|y = é
0 f(x)
Vi(x) = /
0 f3(x
) Ix]; < %
f3(a) 0
N
Since ‘f,ﬁ‘ = 1 almost everywhere, the gradients are all in O(2) almost everywhere, as expected.

Recall that £" : R x [~ 35, + ;| — R? is defined by

El(Xl,XQ) = ’lp <X1 mod 1 — %,X2)

1
gn(le X2> — 2n,1el(2n_lxlv 2n—1X2)

and so ¢" : L" — R? (for n > 1) is given by

0 1
" (x1, %) = T" 1" (x1, x| — 2 + 22*”) , T = (1 O) .

Then the gradients are given by
n 1/on—1 n—1 n—1 1 n—1
\W4 (X1,X2) =V/ (2 X1, 2 XQ) = V’lfl 2 X1 mod 1 — 5, 2 X2

and

0 sgn(x)

1 10
=T vy <2”—2x1 mod 1 — =, 2" 2 x| — 2" ! 4 1) _
2 0 sgn(x2)

1 0
V" (x1,x) = T 1vent (xl, |xo| — 2 + 22_”) ( )
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Hence,
+H(x)f(x),  Ixlp <1,

det V(pl (Xl,Xg) =
—HOa)f0e), Ixlp =1,

1
det V" (x1, x0) = (—1)""1sgn(xz) det Vo <2”_2x1 mod 1 — 5 212 || — 201 4 1>

+(=1)"sgn(x2) 3 (y1)f3 (v2)  |yly =
—(=1)"tsgn(x) B (v1)f3(y2) |yl <

|
Nl—= N

where
1 T
y(x) = (2”2x1 mod 1 — 5 22 x| — 2" 4 1) :

This allows us to calculate the Jacobian on £. To get the Jacobian on the rest of Q, we use

-

Vor (5] (), 1Xs] () - [ 29"V xal < Pl
0 sgn(x2)
V(@ (1X] (x), 1Xe] (x))) = 4 ) o
sgni( x
Vo (1X,] (x), [Xe] (x) VN bl =l
sgn(x1) 0

SO

+det Vo' (|x1], |x2]) - sgn(x1) sgn(x2), x € L",
etV (bl bel) - sgn(a) sgn(e)
—det Vo (|x2], |x1]) - sgn(x1) sgn(x2), xe€ A" — L".
Now that we have constructed one solution ¢* to (4.4), we can also derive an infinite family of

solutions to (4.4).
Proposition 4.15. Let @;,, : Q — Q satisfy
Vim(x) € O(2), ae xeQ,

(Pinn(x) € 0Q, X € 0Q,
and Yoyt 1 Q — Q satisfy
Voour(x) € 0(2), ae xeQ,

(pout(o) =0.
Then © = Your © P* 0 Qjny Solves (4.4).

Proof. By the group properties of O(2), we have
V(p(x) = V(Pout((P*((Pinn(x)))vw*((Pinn(X))V(Pinn(x) € 0(2)'
for almost every x € Q. If x € 0Q, then @iy, (x) € Q and so

(p(X) = (pout(‘p*((pinn(x))) = (pout(o) = 0.



102 4.3. Numerical Results

08

0

04

02

Figure 4.1: Plot of the solution ¢* to (4.4) and its Jacobian det Vp*.

4.3. Numerical Results

Due to the arbitrarily frequent transitions between Q™ and Q@ near the boundary, many numerical
integration techniques will struggle to evaluate the integrals needed to apply Corollary 4.5. Recall

that the necessary condition takes the form
2m
Exp=0 = [N<=—,  k:= Py)dy =1 P(y)dy|.
K Q+ —

One solution to this problem is to split @ into a core square Qg = UZ=1 Ay and a perimeter
(square) annulus Q = Q\Qo, where we pick n € N sufficiently large. On Q, we bound the integral

term (4.5) required for the necessary condition using

2 Q| Q|
Pls(y)dy — 1 Pls(y)dy| < = [ [P(y)| dy <2~ -|[P|s|| <2 : ,
‘]2 60 dy 72 o) y\<,Q|/©| Wl dy <2150 [Pla]  <2miy el

assuming that the pressure function is bounded. Then on Qq, we only have a finite number of
regions to integrate over, which can be handled by a computer algebra package. This will give an
error bound of

e=2m (2" —272") |Ip[l,, . (4.7)

from the true value of k in Corollary 4.5. We can the consider the worst-case scenario, given by

k = max{kg — €, 0},
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where kg is the value for Kk on Qq. If we then have Kk > 0, we can apply Corollary 4.5 to get a

valid necessary condition of the parameter A.

We shall now explore one specific example, namely, the one-parameter family of pressure functions
px = Ap with
p(x) = |x| x € B.

For demonstration purposes, we will take n = 64 and m = 2 squares given by
Q1 = [-0.5,+0.5]%> +(0.1,0.3)T, Q> = [-0.3,+0.3]> = (0.3,0.5)T.
Using the error bound given in (4.7), we approximate K as
K~ 2.71951 x 107° +4.33681 x 10717,
and so we get the necessary condition

E,, >0 = X< 147075,






Conclusions and Outlook

Recall that our primary goal was to derive examples of mean Hadamard inequalities, that is, ex-

pressions of the form
1
Ep(p) :=/ §|V<p|2+pdetV<pdx>O Vo € Hy(B;R?),
B

for some pressure function p € BMO(B). In Chapter 2, we derived several general families of

pressure functions, taking the forms
{pew(B): |wVpll, < C},

and
{pe W (B) 1 w(r)p(r) < p(r) and p(x) = p(|x|)},

that give rise to such inequalities. Particular care was taken to find explicit bounds for the right-
hand sides C and p, for a given weight w. Furthermore, necessary conditions on w were derived
to ensure the choice of weight would be valid. We also considered some more specific examples
of forms the pressure could take, such as a monomial or a logarithmic function of |x| and derived
sufficient conditions on the parameters of these forms of pressure to obtain a mean Hadamard
inequality. Some time was also taken to relate these results and techniques back to the problem

of minimising the Dirichlet energy in a Jacobian constrained class.

In Chapter 3, we considered the much more general case of a pressure function p e BMO(B) that
may not be differentiable. Here, we used techniques in Harmonic Analysis such as compensated

compactness and BMO-#H! duality to find an explicit bound for a constant C, such that
{p € BMO(B) : [plgmo < C}

is a valid family of pressure functions for a mean Hadamard inequality. The obtained bound for
C was relatively large and could most likely be reduced by optimising some of the steps in the

derivation, such as the use of a covering lemma for a Calderon-Zygmund type decomposition.

105
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Finally, in Chapter 4, we explored the converse result, that is, pressure functions for which we do
not obtain a mean Hadamard inequality. We did this by focussing on a specific example of the

input map ¢, that satisfied the PDI

Vo(x)e O(2), a.e xeB,
p(x) =0, x € 0B.

We constructed an explicit example of a solution to this PDI on a square domain, making use of
previously established techniques, and then stitched multiple copies of this solution together to
obtain a solution on the ball B. By approximating the integral in the excess functional, we were
able to derive explicit examples of pressure functions for which the corresponding mean Hadam-
ard inequality does not hold. The method used here could be further optimised by constructing
additional solutions to the PDI and stitching them together in a more optimal way, which would

depend on the form of the pressure function in question.

We have focussed specifically on the example of regularity and dimension both being two (n =
p = 2) but mean Hadamard inequalities can exist in other dimensions. More generally, a mean

Hadamard inequality, takes the form
1
Ep () ::/ E|V(p|n+pdetV<pdx>0 Vo e Wy "(B;R").
B

The pre-factor of % IS just a convention inspired by the variational problem associated with the
p-Laplacian and can be omitted by rescaling p. The important observation here is that we are still
in the critical case of the Sobolev embedding (n = p) and we have homogeneity in the integrand as
both terms are of degree n. Many of the results that we have derived can be generalised to higher

dimensions but, naturally, there will also be some challenges to doing this.

e The Euler-Lagrange equation associated with E, becomes non-linear when n > 2. This
introduces additional complexity when trying to use PDE theory to study this functional. In

relation to this, we also have that the cofactor operator is not linear on R"*" for n > 2.

e When expanding the terms of E, using Fourier series, not only will the terms be more
complicated due to the increase in dimension of the domain, but we will also have to deal
with integrals of products of more than two trigonometric functions. This will require more

generalised orthogonality relations to handle the calculations.

e The explicit bound for the scale factor in the covering lemma used would need to be gener-
alised to higher dimensions. This should be achievable through a counting argument. The

rest of results in Chapter 3 are independent of the domain geometry.
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e The construction in Chapter 4 came from simplifying a result in the literature to work in
two dimensions instead of three. This means that we could immediately generalise these
results to three dimensions but going beyond this would require the development of a more

generalised construction technique.

A further generalisation would be to consider completely different geometry for the domain, for
example, an annulus or a torus. This should be possible as we can make use of conformal mappings.
For a square domain, the equivalent results in Chapter 4 could be produced by simply skipping the

stitching step and using the constructed solution directly.

It is worth noting that the results presented here also contribute to the progression of certain topics
in elasticity theory. Through the derivation of mean Hadamard inequalities, we have constructed a
wide range of explicit examples of Jacobian constrained variational problems that arise in elasticity,
where Jacobian constraints describe incompressibility-like conditions for materials. Furthermore,
we have constructively shown the existence of minimisers to a family of polyconvex functionals (the
excess functional for various pressure functions), which are often arise as stored energy functionals.
It may be that the techniques used here could be adapted to other polyconvex functionals, providing

deeper insights into some of the open problems in the field of elasticity.
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